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XV. The Dwrnal Variation of Terrestrial Magnetism.

By ARTHUR ScHUSTER, F.R.S., Professor of Physics in Owens College. With an
Appendix by H. Lams, F.R.S., Professor of Mathematics in Owens College.
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olm 1. Introduction.

A= .

o2 5 I~ the year 1839 Gauss published his celebrated Memoir on Terrestrial Magnetism,

E @) in which the potential on the Earth’s surface was calculated to 26 terms of a series of
»

surface harmonics. It was proved in this Memoir that, if the horizontal components
of magnetic force were known all over the Earth, the surface potential could be derived
without the help of the vertical forces, and it is well known now how these latter can
be used to separate the terms of the potential which depend on internal from those
which depend on external sources. Nevertheless GAuss made use of the vertical
forces in his calculations of the surface potential in order to ensure a greater degree
of accuracy. He assumed for this purpose that magnetic matter was distributed
through the interior of the Earth, and mentions the fair agreement between calculated
and observed facts as a justification of his assumption. In the latter part of the
Memoir it was suggested that the same method should be employed in the investiga-
tion of the regular and secular variations.

‘The use of harmonic analysis to separate internal from external causes has never
been put to a practical test, but it seems to me to be especially well adapted to
enquiries on the causes of the periodic oscillations of the magnetic needle.

If the magnetic effects can be fairly represented by a single term in the series of
harmonics as far as the horizontal forces are concerned, there should be no doubt as to
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»—l { the location of the disturbing cause, for the vertical force should be in the opposite
< direction if the origin is outside from what it should be if the origin is inside the
= E Earth. As the expression for the potential contains in one case the distance from the
2 f Earth’s centre in the numerator, in the other case in the denominator, and as the vertical
= QO force depends on the differential coefficient with regard to distance from the Earth’s
E 8 centre, each single term in the series is of opposite sign according to the location of the

cause ; but what is true for each single term need not be true for the sum of the series.
By a curious combination of terms the vertical forces might possibly be of the same
sign, on whichever of the two hypotheses it is calculated. In any case, however, the
differences between the two results will be of the same order of magnitude as the
vertical force itself. If it is then a question simply of deciding whether the cause is
outside or inside, without taking into account a possible combination of both causes,
302 - 20.12.89
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468 PROFESSOR A. SCHUSTER ON THE DIURNAL

the result should not be doubtful, even if we have only an approximate knowledge of
the vertical forces. ‘

Two years ago I showed that the leading features of the horizontal components for
diurnal variation could be approximately represented by the surface harmonic of the
second degree and first type, and that the vertical variation agreed in direction and
phase with the calculation on the assumption that the seat of the force is outside the
Earth. The agreement seemed to me to be sufficiently good to justify the conclusion
that the greater part of the variation is due to causes outside the Earth’s surface.
Nevertheless, it seemed advisable to enter more fully into the matter, as in the first
approximate treatment of the subject a number of important questions had to be left
untouched. I now publish the results of an investigation which has been carried as
far as the observations at my disposal have allowed me to do. My original conclusions
have been fully confirmed, and some further information has been obtained which I
believe to be of importanee. The results of the calculation point not only to an
external source, but to an additional internal source, standing in fixed relationship to
the external cause. This we might have expected. A varying potential due to
external causes must be accompanied by currents induced in the Earth’s body, which,
in turn, must affect the magnetic needle. The phase of these currents and their
magnitude lead us to form definite conclusions on the average conducting power of
the EFarth, and it will be seen that there is strong evidence that the average con-
ductivity is very small near the surface, but must be greater further down. TIn this
part of the investigation I had much assistance.from my colleague, Professor LamB.

I hope that the results obtained in this paper may induce the heads of magnetic
- observatories to consider the suggestions which I have made at the end of it, as their
adoption would very materially assist further investigations. '

I had, in the first place, to fix on a year for which we possess as complete magnetic
records as possible. The phase of the variation of horizontal force changes sign in a
latitude not far removed from that of Lisbon, and it seemed to me, therefore, essential
that the excellent observations there made by Sen. Jos. CapeLLO should be made use
of. 'The observations are published as far as 1872, and I had to take a year therefore
anterior to this. It seemed also desirable to make use of the St. Petersburg observa-
tions, as it is the most northerly station for which we have records extending over a
period of years, and as Mr. H. WiLD’s well-known skill gives special value to the
observations made under his divection. The obseravtions (continued since 1878 in
Paulowsk) were interrupted in 1871 and 1872, and we have to go back, therefore, as
far as 1870 if we want to utilise the St. Petersburg and Lisbon observations simul-
taneously. As far as the horizontal components are concerned, we also possess good
records of 1870 at Greenwich and Bombay. Four stations are sufficient to find to
the necessary accuracy the potential on the surface of the Earth, but it would be of
advantage if in future similar investigations a greater number of stations could be
utilised.
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VARIATION OF TERRESTRIAL MAGNETISM. 469

The observations are published in very different form by the various observatories.
The units of force at Bombay and St. Petersburg are the Gaussian unit millimeter-
milligram-second. At Lisbon it is the foot-grain-second. At Greenwich the variations
are given in terms of the whole vertical and horizontal force. At Bombay, moreover,
the observations are given not for a certain hour, but for a time which varies with
different instruments between 12 and 19 minutes past each hour. For this there was
some reason originally, but at present it would be far better if Bombay would adopt
the practice of other observatories. The daily variations had, in the first place, to be all
reduced to C.G.S. units, and, further, instead of variations in declination and horizontal
force, we had to find the components of the periodic force towards the geographical
North and West, Iam much indebted to Mr. Wu. E1L1s, of the Greenwich Observatory,
for the help he has given me in the reduction of the observations to a form which T
could use in my calculations. A good many of the computations were done under his
direct supérintendence, and much time and trouble was saved me in consequence.

The daily variation of declination and horizontal force was expressed in the form

a; cost 4 by sint + a, cos 2t -+ by sin 2f + ag cos 3t + by sin 3¢ + a, cos 4¢ + b, cos 4,

where ¢ represents astronomical time. The summer months, April to September, were
treated separately from the winter months, October to March. The unit of force, for
convenience'’s sake, was taken as 10=¢ C.G.S.

Tables I. and II. give the coefficients which were calculated according to a well-
known method from the original observations,

Tables III. and IV. give the same coefficients reduced to forces directed to the
geographical North and West, instead of to the magnetic North and West.

Before showing how, with the help of these coefficients, the surface potential can be
calculated, I must deduce a few formule which will be nused hereafter,

TasLe I.—Force to Magnetic West,
Coefficients in the expansgion
a,cost 4 by sint 4 o, cos 2t + by sin 2¢ 4 a4 cos 3¢ + by sin 8¢ 4 o, cos 4¢ + b, sin 4.
The unit of foree is 1 C.G.S. X 10~%; ¢ being astronomical time.

Bombgy, ! Ligbgn. : Greenwich. ‘ 18t. Petershurg.

Summer, " Winter. Summer. Winter Summer, Winter. | Summer. | Winter.
a 4+ 643 + 63 + 1255 + 121:5 4+ 168:0 + 154°5 | 4 1090 + 957
b, + 1165 | + 332 + 2137 + 1326 + 192:3 + 1135 + 21941 4+ 967
ay + 134-3 + 65 + 1261 + 53:6 + 1291 + 327 + 1042 — 128
by + 595 + 232 + 1522 + 111°1 + 11476 + 840 + 1132 + 696
ag + 1085 + 404 + 751 + 510 + 658 + 384 + 379 + 21-8
by + 71 + 76 + 562 + 510 + 425 + 306 + 592 + 289
a, + 155 + 331 + 131 + 307 + 93 + 213 + 28 + 62
b, + 187 — 96 — 59 + 203 + 26 + 176 + 109 + 137
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470 PROFESSOR A. SCHUSTER ON THE DIURNAL

Tasre II.—Force to Magnetic North.
o ~ Coefficients in the expansion
@, cost + by sint 4 a, cos 2t + by sin 2¢ -+ a4 cos 3¢ + bysin 3¢ + a, cos 4¢ + b, sin 4¢.
The unit of force is 1 C.G.S. X 107%; ¢ being astronomical time.

Bombay. Lisbon. Greenwich. St. Petersburg.
Summer. Winter. Summer. Winter. Summer. Winter. Summer. Winter.
ay 4- 386-9 + 3325 — 124-2 — 786 — 2137 | —1174| —2579| —1118
by + 57 + 382 + 715 — 150 + 1540 + 228 + 1502 — 58
Cag + 1527 + 1250 — 283 — 54°8 — 1126 — 875 — 1491 — 690
by, — 118 + 73 + 430 —:09 + 789 + 246 + 457 — 128
ag + 411 + 396 + 231 — 23 — 23] — 164 — 158 | — 184
by — 418 — 314 + 190 + 190 + 2711 + 271 + 397 + 229
ay — 43 + 153 + 122 + 69 + 121 + 20 - 90| — 38
by — 137 — 21'1 — 123 + 188 + 84| + 166 + 33 + 64

TasLe ITIL—Force to Geographical West.
Coefficients in the expansion
' a,cost + b, sin ¢ + a,cos 2t + b, sin 2 4 @, cos 3t 4 by sin 3¢ + a, cos 4¢ + b, sin 4¢.
The unit of force is 1 C.G.S. X 10~¢; ¢ being astronomical time,

Bombay. Ligbon. ' Greenwich, St. Petersburg.
Summer. Winter. Summer. Winter. Summer, Winter. Summer. Winter.
a + 575 + 04 + 743 + 865 + 854 + 1054 + 996 4+ 916
by “ 4 1164 + 325 + 2253 + 1191 + 2333 + 1145 + 224-6 + 964
ay + 1316 + 43 + 1083 + 311 + 831 + 10 + 987 — 153
by + 597 + 231 + 1577 -+ 1038 + 1346 + 874 + 1148 | + 691
as + 1028 + 397 + 785 + 470 + 611 + 305 + 373 + 21'2
by + 78 + 81 + 593 + 544 + 492 + 380 | + 606 + 297
@y + 156 + 32-8 + 166 + 312 + 129 + 207 + 25 + 61
by — 185 - 92 — 98 + 256 4+ 53 + 222 + 110 + 139
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VARTATION OF TERRESTRIAL MAGNETISM. 471

TaBLe IV.—Force to Geographical North.
Coefficients in the expansion
aycos ¢ + by sint 4 a,cos 2t -+ by sin 2t 4 agcos 3¢ + bysin 3t + a, cos 4¢ + b, «in 4t.

The unit of force is 1 C.G.S. X 1076; ¢ being astronomical time.

Bombay. Lisbon. Greenwich. St. Petersburg.
Summer. Winter. Summer. Winter. Summer, Winter. Summer. Winter.
a + 388“'0 + 3324 — 1602 | - — 116°1 — 2581 — 1629 — 2616 — 1152
by + 78 + 388 — 76 — 604 + 795 — 172 + 1422 — 93
g + 1551 + 1251 — 705 — 701 — 1498 — 934 — 152:8 — 685
by — 108 + 77 — 128 — 396 + 352 — 55 + 416 — 153
/a3 + 429 + 403 — 45 — 200 — 246 — 285 — 172 — 192
b, — 417 — 313 — 18 00 + 110 + 151 + 376 + 2149
ay —~ 40 + 159 + 68 — 42 + 82 — 53 - 91 — 40
b, — 140 — 213 — 95 + 105 + 70 + 96 + 29 + 59

I1. Some Formule useful in the Analysis by Spherical Harmonics.

In the expansion of mathematical expressions into spherical harmonics, it will often
occur that we have to express powers of the cosine of an angle, or a cosine of some
multiple of an angle, in terms of the differential coefficients of zonal harmonics with
respect to the cosine of the argument. The necessary equations for the powers of
cosines can be easily obtained by differentiation of the well-known formulze, giving
the powers of a cosine in terms of zonal harmonics. But I think it will be useful here
to give the general equations which 1 have had to use in expressing cos mu in terms
of d’P;/dur, where p is any given number, p = cos # and P; the zonal harmonic of
degree . v

We may start from the expression

cosmu = AP, + A, P, o+ ... AP+ ... o (1,
where v .
fm— (=D Hm — (=D} ... (m—Dmd (m+2) ... {m + (i — 2)}

A= = B ) G D =G =) =Dt D G DY

if m and ¢ be even, and

{7n—(ie2)}{77t—(i—4)}...(m--l)(m-i-])...{m+(i—2)}’
fm =G+ DHm—=>GE=1}...m—2)(m+2)...{m + (1 + 1)}

Ai=—~(2i+1)

if m and 7 be odd.
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472 PROFESSOR A. SCHUSTER ON THE DIURNAL

Both expressions are included in the general one

(=D} m— (i —4}... (m+ (G —2))
A= (Z“L1>m{m—<z+1)}{m—(z—1>} Am+ @+ DY

where successive factors of both numerator and denominator increase by 2.*
If in formula (1) we substitute for any term P;

dPi+1 dP’i—l — ;-
d'ul_ ._. d# == (2’1, —l— 1) Pz . . . . . . . . (2))

weé obtain an expression for cos'mf in terms of the first ‘differential coefficients of the
zonal harmonics ; and, if in the formula so obtained we ‘successively apply the trans-

formation
arP; dPP =

du?

f—t B/ R, {
( + ) (Z}LI)-— 1
we finally obtain the required expression in terms ‘of any required differential
coefficient.
I have obtained in this ‘way the equation

COS M

(= 1) 1.3.5...2p+1) =AkAm+P'd”Pm+7@+A’”+ﬂ*—2"&ppm‘+p-12 +o A dRP 4L (8),

where d7P; is written siho‘rt]y for dPPi/él;LP, and

—(i—p— 2)}{7% =@G=p=H}. . {m+ (@ —p—2)}
(2Z+1)”"'{m G+p+Dhm— G +p=Df.. . qmt GrprD) ~ D

except for the last term of the series, which will be'given presently (5). If p =0,

this expression agrees with the one previously given, and, as I shall proceed to show,

if it is true for any value p, it will also be ‘true for the value p 4 1. Assume, then,

the equation (3)'to hold. '
The relation

AP Py gy — AP Py = (20 +1) dP;
shows that the factor multiplying'd?*'P;,, in the expression for ‘cosmd will depend
only on-A; and on-Ay; 5 in (3).  If By, is this factor, we have

B, A Aiys
DAY o 4 T 9, 1+ 5

# In the very useful book’ on ¢ Spherical Harmonics,” by FerrERs, the factor m does not ocenr in the
general expression for A; (page 33); but, from the deduction of the formula, it is clear that the factor m
must be taken twice when it occurs in the numerator, and not at all when it occurs in the denominator.
In using the equation I was at first led into error by the ambiguity, and hence I believe the expression
given above to be clearer.
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VARIATION OF TERRESTRIAL MAGNETISM. 473
or, by substituting A; from (4) and A;,s from the corresponding equation,
B. =m{m—(i-—p—2)}{m——(i—p—4)}... {m+(—p—2)}
i+l m—G+p+D}m—@GE—p—D}...{m+ G+p+1)}

D" fm— (@ —p)} {m+ G - p)} }
fm—G+p+3)}{m+ G +p+3)}

The square bracket reduces to

(=pP=(+p+3) _ (20 + 3) (2p + 3)
(m—(G+p+3)}{m+EC+p+3)} - {(m—(@G+p+)}{m+G+p+3)}
so that
cos mo
— (=1 1.3.5...W(L‘2p+ 5= Aniper P Pyt A dP P
where

e dm=—p =D} m— (= p—d)]... (n+ (= p— 2}
A=m () o et p+ D). m+ G p DY

which agrees with (4) if p 4 1 is written for p, and 7 4 1 for <.

The end terms require special consideration.

As only the even or only the odd zonal harmonics enter into any one series, the
difference between m -+ p and ¢ in the equation (3) must be even; hence, the
numerators in the fractional expression of (4) consist always of even numbers, what-
ever values m, ¢, or p may have.

If (m 4+ p) be odd, the zonal harmonics will all be odd, and the last term of the
series will depend on d#P, ., if p be even, and d#P, if p be odd, for the differential
coeflicients of the zonal harmonics of lower degree will vanish. The expression (4) in
neither case gives the correct factor, and we must substitute for it in both cases

4 1
G+p+DYm—E+p—D}...{m+G+p+1)} ° ° (5).

(20 +1) (=

If in (4) ¢ is put equal to (p + 2), the first and last term will be equal to m; in that
case the m is only taken once.

The expression (5) is easily proved, and shown to hold also if (m + p) be even.

The first term of the series is included in the general expression (4).

I have deduced with the help of the equation (3) the following relations, which will
be used in this paper :—

ap,
cosu:;&;gj N 09 8
dp. dp
Doy o A T8 9 71
cos 2u = % G TS g .’(B),
MDCCCLXXXIX,—A. , 3 p
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474 PROFESSOR A. SCHUSTER ON THE DIURNAL
cos 8u = & (;ZZ% — 3 fgj N ()8
cos 4u = gt CZ,I/} — 3% %I;’ +5 %% N ¢ )
cos 5= 435 0% = 3300 + 5 (B),
cos 6 = iy G E = 1+ b (F):
cos 2u = 5 (i;/l:) — 1is (Z% T = B 8
cos 3u = 5555 Cz}%‘ — 5l (Z;ij C D,
cos du = 1554w (ilj:z — 18 (f;% Tos C:%is oo oo (KR,
o8 5U = 135153 (f;/l;g 155 CZ’% + 1i9 %;/1} (L),
cos 6u = i’ cﬁ%’ — FG46F éi;% + 555 OS/% — 1387 % <o (M.

There is another formula useful in similar investigations, which may find a place
here, although I have not used it in the final reductions. It is the expression of a
zonal harmonic in terms of the n™ differential coeflicient of other zonal harmonies.

P, = (20 + 2n + 1) ’
P,~—<z.i+2n+1)(27;+2n_1)...(27;+1)sz+”
" (20 + 2n —3) P
n.n—1 (204 20— 17) , .
+ - 1.2 (2i+2771__3).“(27/-_3)d P,'_,_,,__4, L
20— (2n—1
(G ) CZ"PZ'_M

T o ei-n. @i
the general p™ term being

—1...n—(p—2) 20+ 2n+5—4p P
1.2...p—1 20420 +3—2p) (20 +2n+1—2p)... (20 4+ 3—2p) i+n—2p+de

(—1)r n.n

The proof is conducted exactly in the same way as for equation (3). If 4 is equal to
or greater than 2n, the series has its full number of terms, viz, #n 4 1, otherwise the
series breaks off owing to the differential coefficients vanishing.


http://rsta.royalsocietypublishing.org/

1~
)

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

a
\

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

VARIATION OF TERRESTRIAL MAGNETISM. 475

II1. Expansion of Potential in terms of a Series of Surface Harmonics.

We know from observation that, excepting the Arctic regions, the daily variation of
the West force is nearly the same along the same circle of latitude. It is this fact
which renders the present investigation possible, as comparatively few places of
observation will be necessary to give us a very fair idea of the nature of the oscil-
lation over a considerable area of the Earth’s surface. If at any place we find that the
daily oscillation of any one element can be expressed in the form

ycost 4 b sint 4 aycos 20+ by sin 26 +. .,

when ¢ is reckoned by local time, we may get the variation at any point of the same
latitude circle by writing ¢ + A for #, where X is the longitude towards the East from
some standard meridian and ¢ now is the time of the standard meridian. At the time
t = 0 we have then the variation of the force to geographical West in different longi-
tudes expressed by

Y = a; cos A+ b, sin X 4 a, cos 2\ + by sin 2.

The coeflicients will be functions of the latitude, and by expressing these functions
in a series of proper form we may at once obtain an expression for the potential.

If X is the force to geographical North, Y the force to geographical West, and Z the
vertical force, reckoned positive upwards, we have, putting u for the colatitude, and \
for the longitude towards the East,

_av v _av

= adzi’ Y Sin U = ofdx’ A D e— %a

@ being the Karth’s radius. 4

If we can expand Y sin v in terms of surface harmonics our task is accomplished,
and for this purpose we need only express «, sin u, b, sin u, &c., in a series of tesseral
harmonies.

The expansion of a function of an angle in terms of the trigonometrical functions of
its multiples is so easily carried out by the method of least squares, if the function is
given for a regular series of submultiples of 2ar, that it seemed to me to be the easiest
method of proceeding to obtain first by interpolation from the observed coefficients of
Y its values for equidistant circles of latitude.

To obtain a curve for each of the values a;, b, a,, b, as depending on the
latitude, we have the following data. The values are directly observed for four
points in the Northern hemisphere. Taking the potential (as it is observed to be)
symmetrical on the Northern and Southern hemispheres, and fixing the period to
which we apply the calculation to be the one for which the mean value of the
observed summer variations in the Northern hemisphere holds good, we must put, for
the West force at the same period, in the Southern half of the globe, the observed
winter values of the curresponding Northern latitudes, reversing, however, the sign to

3r2
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476 PROFESSOR A. SCHUSTER ON THE DIURNAL

make our expression agree with observation. We have then eight values for the
different terms of Y through which we might at once proceed to draw a curve ; but,
making use of the observed variations of Northern force, we can also calculate the
direction of the tangent of the required curve for the same eight points. This has
been done as follows. Let Y be expressed as

3(at, cos n\ 4 b, sin 1),

and X as
(e, cos nh 4 B, sin nl).

The existence of a potential implies the relation
dYsinw _ dX

du ~ dr

or
dY dX

%:::Z—icosecu—-Ycotu,

from which, by substitution,
day, ab, .
2(52; cos n\ + 7y Sin n)\>
= 3[(nfB, cosec u — a, cot u) cos n\ — (ne, cosec w 4 b, cot u) sin n\];

and, therefore,

da

— = nf3, cosec u — a, cot u,

du

db

—C~i—“ = — na, cosec u + b, cot u.
2 .

These equations give the rate of change per radian ; to get the rate of change per
degree of colatitude we have to multiply the differential coefficients with the circular
measure of one degree. The following Table gives the rate of change of the West
force per degree of colatitude, calculated as explained from the North force,

Tarre V.
The unit of force in this Table is 10~¢ C.G.S., and the unit of latitude is 1 degree.
Bombay. g Lisbon. Greenwich. St. Petersburg.
Summer. Winter. Summer. Winter. Summer. Winter. Summer. Winter, ]
dogfdu . . .| — 0201 | + 0714 | — 1210 | — 2561 | + 0356 | — 2:793 | + 1951 | — 3086
abjduw . . . — 7853 | — 6326 | + 0432 | 4+ 0931 | + 2118 | 4+ 2053 | + 2:342 | + 1-107
dagfdw . . .| — 1-184 | + 0258 | —2:087 | — 2207 | + 0150 | — 0330 | — 0079 | — 0605
dbyfdu . . .| — 6:079 | — 4754 | 4+ 0948 | + 1684 | + 5445 | + 3'318 + 7185 | + 2689
dagfdw . . .| — 2997 | — 1068 | — 1218 | — 0658 | — 0-416 | + 0600 | + 2:805 | + 1-:650
dhgjdu . . .| — 2420 | — 2277 | — 0527 | + 0580 | + 0988 | + 1'564 | — 0030 | + 1112
dagdu . . .| — 1125 | — 1768 | -— 1084 | + 0503 | + 0501 | + 0622 | + 0329 | + 0 640
dbyjduw . . .| + 0407 | — 1117 | — 0471 | + 0018 | — 1:036 | 4+ 0109 | + 0936 | + 00137
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VARIATION OF TERRESTRIAL MAGNETISM. 477

Curves were now carefully drawn for each of the eight coeflicients, making them fit
in as well as possible with the ordinates and the direction of their tangents, as given
in Tables III. and V.

The values of Y were then read off for each 7°:5 of colatitude, and a fresh table
was formed (Table VL). |

From this point onwards we have to carry on the caleulations separately for each

type of the variation.
TasLe VL

Coefficients in the series Y = a, cos ¢ 4 b, sin ¢ -+ a, cos 2¢ + b, sin 2¢ 4 &e. for
different degrees of colatitude, the unit of force being C.G.S. X 107¢.

Colatitude. a,. b,. «.. b,. @ by. @y b,.
0 + 10 0 0 0 0 (+48) | ( O ( 0
75 + 082 | 4+ 97 | 4+ 42 | 4+ 9 | (+12) | (+£5D) | (+ D | (+ 3)
150 4+ 52 | 4158 | + 76 | + 22 | (+24) | (+53) | (+ 1) | (+ 6)
22-5 + 71 + 196 + 91 + 48 + 39 + 54 + 1 +
300 + 85 + 215 + 90 + 101 + 56 + 54 + 2 + 11
375 + 96 + 231 + 89 + 143 + 73 + 55 + 11 + 18
450 + 92 + 243 + 96 + 160 + 99 + 61 + 16 — <
525 + 83 + 247 + 90 + 168 + 98 + 58 + 22 — 21
600 | 4+ 74 + 205 + 83 + 165 + 91 + 54 + 20 — 24
675 + 65 + 144 + 131 + 83 + 89 +28 | +11 — 20
750 + 63 + 87 + 127 + 87 + 69 + 10 + 2 — 15
825 + 58 + 58 + 117 + 15 + 46 — 3 — 6 — 11
900 + 37 + 42 + 82 + 7 + 25 — 2 — 14 + 6
975 + 10 + 21 + 15 + 1 + 3 + 1 — 20 + 18
1050 | — 3 - 7 — 4 - 17 — 16 — 6 — 27 + 13
1125 | + 38 — 56 — 3 — 48 — 36 — 23 — 40 0
120:0 ! 0 — 105 — 4 — 102 — 49 — 45 — 43 — 23
1275 — 50 — 120 — 15 — 118 — 53 — 50 — 35 — 26
1350 | — 78 — 113 | — 16 ~- 106 — 54 — 46 — 31 — 25
1425 — 97 — 100 + 10 — 85 — 47 — 37 — 24 — 24
1500 —121 — 85 + 6 — 65 — 38 — 30 — 12 — 14
1575 | — 140 — 75 + 2 — 46 — 22 — 21 — 5 — 13
1650 | —154 | — 6L | + 1 | — 30 | (= 9| (=14 | (= 3| (— 9
1725 | —162 | — 36 0| — 14 | (= 2| (= 6| (= 2| (= 4
1800 ; — 165 0 0 01 ¢ O Ol O|( 0

The quantities @), b, were expressed in the usual way in terms of the multiples of
the cosines of the colatitude, and two equations obtained which can be shown to
represent with sufficient accuracy the force of the first type towards the geographical
West.

= — 5+ 1067 cos u — 50°6 cos 2u — 17 cos 8u — 146 cos 4u
, — §'9 cos Sy — 2°0 cos 6u,
b, =494+ 154'3 cos u — 04 cos 2u — 760 cos 3u — 181 cos 4u
— 313 cos du — 9°2 cos 6u.

1f, now, cos u, cos 2u, cos 3u, &c., be expressed in terms of dP,/du, dPy/dw,, dP/du,
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478 PROFESSOR A. SCHUSTER ON THE DIURNAL

&c., we have an equation for that part of Y which depends on cos A and sin A
After multiplication with sin w, one side of the equation contains the colatitude in
form of tesseral harmonics only, and hence we obtain at once the required
expansion of V. The equations are

> - > ”) ]l) dP
Y“)-—cos?\{2409d[ + 35 r9‘“ —_ 84’( 4939t — 941 S 647 ]
dp A dp dp g
. P, P, v,
+Sm>\[4800‘*~*+ 8"”2(“‘4-566 762‘~~—109
— 578t — 1570 W 1.
Cl//b },1,

With the help of
av

= Ya sin v,
we have, finally,
— V@/a = cos A[48°00T ' 4+ 81-52T,! 4 5°66T3t — 7-62T,}
— 1°09T;! — 578T,L — 1:57T,1]
+ sin \[ — 24°09T,! + 35-59T,! + 8-45T — 2-39T,1
4+ 241 4 1°64TL 4 0°84T,1] . . [A]

To obtain, similarly, an expression for V@, the series of coeflicients a,, b, were
expressed in terms of sin u, sin 2u, &c., giving the equations

ay == 670 sinu 4 613 sin 2u 4 74 sin 3u — 116 sin 4u -+ 15°9 sin 5u -+ 18°6 sin 6u,
b, =215 sinu 4 1132 sin 2% + 77 sin 8u — 12°6 sin 44 — 10°8 sin Su — 28°2 sin 6.

From the known expansion of cos pu, in terms of the first ditferential coeflicient of
the zonal harmonics, we can obtain by differentiation an equation which will at once
give us V@ in the required form.

Thus, for instance, we have by Equation D, page 474,

: dP~ (ZP 3 I
—_ 64 5 16 ~~‘
cos 4du = % d,u, 16 by dlw
and differentiating with respect to p,
4 sin 4u [sin u = &4 BPPy L dPy g &Py

15 Cl/,bg 45 d,u? 35 d,u.z :

By substituting this and other similar expressions, we find
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a*P, ap,
Y@ /gin u = cos 2\ [64 59 4 9:42 - 7 b — 042 0

d°

+ 0397, 0+ 051 ”}

Y 21)
] +1z7 +068d

-+ sin 2)\[17'69 + 158

P _ g0 Thr
— 040" — 0'80 M}

and from this, by multiplication with sin® % and integration with respect to \,

— V/a = cos 21 [295 Ty? 4 7:94 T2 4+ 063 T2 4 034 T2 — 0:20 T2 — 0-41 T2
—sin 2\ [10°76 T2 4472 T2 — 021 T2 — 078 T,24 029 T# 4026 T,?] . [B].

To find V® from the coefficients as, b,, a,, b,, the values of these coefficients were all
divided by sin® u, for a reason which will appear. Tt was then found, however, that to
represent the numbers so obtained satisfactorily, a greater number of terms was
necessary in the expansion than the observations seemed to justify. I was thus led to
give up calculating as far as these types are concerned the terms on which the differ-
ence between summer and winter depends, so that, instead of using the coefficients from
Table VI., the mean of corresponding values on both sides of the equator were taken,
changing, of course, the sign of the coefficient given for the Southern hemisphere. In
the next place, it was found that, owing to the smallness of sin u at high latitude, the
three numbers corresponding to the colatitudes 0°, 75, 15° were very large, while their
weight is very small, as they have only been obtmned by graphical extrapolation ;
I 'have, therefore, discarded these numbers altogether, putting them into brackets in
Table VI. Besser has shown how the method of least squares may be applied to
obtain a trigonometrical series for a succession of values some of which are missing.

The equations thus calculated are as follows :—

tg/sin® u = 74 cos w — 118 cos 8u — 101 cos 5u,
bs/sin® v = 28 cos . — 111 cos 3u — 127 cos Hu,
a,/sin® 4 = 89 sin 2u — 6 sin 4u — 9 sin 6u
by/sin® u = 31 sin 2u -+ 88 sin 4u + 4 sin 631

The agreement with the numbers from which the series are obtained is not as good
as would be desirable, especially for ay and by, but the types higher than the second
will probably depend much on local circumstances, and the result would not, in
my opinion, repay the trouble of taking account of further terms in the above series ;
cos u, cos 3u, and cos 5u have already been given in terms of d®P,/du® (Equations
G, I, L, page 474), and, by differentiation with respect to w, we can also get sin 2u,


http://rsta.royalsocietypublishing.org/

1~
)

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

a
\

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

480 PROFESSOR A. SCHUSTER ON THE DIURNAL
sin 4u, sin 6u in terms of sinu d*P; /dp*.  This gives, by substitution and integration
with respect to A,
— V®/a = (— 00401 T 4 01426 T* + 02523 T,3) cos 3\
+ (0°0319 T2 — 00936 T — 0-5577 T,2) sin 8\
+ (0:00033 Ty* 4 0:00279T,* — 0-00411 T;#) cos 4\
+ (— 000075 Ty* 4+ 0:00078 T,* — 0°01978 T,%) sin 4\.
We have obtained thus finally, 88 coefficients in the expansion of V/a, which, for the

sake of reference, I collect into Table VII.
In this Table C,” is the coefficient of T,” cos mA\.

S, . ), T, sin m\.
TasLe VIL
The unit of force is C.G.S. 1078,

o — 48:00 Cy? — 2948 C2 — (0252
C,l — 8152 C.2 — 7936 Cp — 0143
Cyl. — 566 cp — 0630 g + 0:040
! + 762 g2 — 0341

C,! + 109 Cp + 0200 C,t + 0:00411
Cg + 5§78 C? + 0407 CA — 0:00279
071 + 1:57 Cyt — 0-00033
S + 2409 S2 + 10-764 S8 + 0578
Syl + 3559 S + 4715 Sg + 0:094
S — 845 S — 0214 St — 0032
S + 239 82 — 0731

Sl — 241 S + 0293 S + 0:01978
Sl — 164 S + 0264 Syt — 0-00078
S,1 — 034 Syt + 0:00075

In order to show how far these numbers correctly represent the forces which have
been made use of in their computation I have calculated backwards from the potential
the force to geographical West. Table VIII. exhibits the results, showing by comparison
the coefficients calculated from the formule for the potential with those obtained
directly by observation. "It will be seen that the agreement is satisfactory, except
for the coefficients oy and b,

In figs. 1, 2, 3, and 4 the curves for the mean of the year are plotted. In these
curves only the firet four terms a, cos¢ 4 b, sint -+ a, cos 2¢ 4 b, sin 2¢ have been
used. The numbers from which the curves are plotted are given in Table IX.

The curves are seen to be almost identical, and having, therefore, obtained an
expression for the potential which correctly represents the observed West force, we
may turn to the main cbject of this inquiry and calculate the vertical forces.

The calculation of the various components from the potential involves the knowledge
of the differential coeflicients of zonal harmonics and of the tesseral harmonics for the
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VARIATION OF TERRESTRIAL MAGNETISM. 481

Bousay.

Comparison between calculated and observed curve of West force. The abscissee denote astronomical
time, the ordinates the force to geographical West, the unit of force being C.G.S. 1078,
Observed curve, white line. Calculated curve, dotted line.

320 p—i—

40 OlL‘l”M

2. 14 16

Lisson.

Comparison between calculated. and observed curve of West force. The abscissee denote astronomical
time, the ordinates the force to geographical West, the unit of force being C.G.S. 106,
.Observed curve, white line. Calculated curve, dotted line.

MDCCCLXXXIX,—A. 3 Q
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482 PROFESSOR A. SCHUSTER ON THE DIURNAL

Fig. 3.

GREENWICH.

Comparison between calculated and observed curve of West force. The abscisse denote astronomical
time, the ordinates the force to geographical West, the unit of force being C.G.S. 10-6,
Observed curve, white line. Calculated curve, dotted line.

PFig. 4.

St. PETERSBURG.

Comparison between calculated and observed curve of West force. The abscissee denote astronomical
time, the ordinates the force to geographical West, the unit of force being C.G-.8. 1076
-Observed curve, white line. Calculated curve, dotted line.
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VARIATION OF TERRESTRIAL MAGNETISM. 488

four observing stations. The numbers which I have computed for this purpose are
given in Table X.
In that table T,? stands for

a°P,
du?

sin® u,

where u = cos u and P, is the zonal harmonic of degree p.

TasrLe VIIL—Comparison between observed and calculated coefficients of West

force.

ay. by [ by,
Obgerved. (]'J:‘l}:&x- Observed. (1}:(}:(‘11‘ Observed. ?:tlgg‘ Observed. ?;‘tl:g
Summer . + 58|+ 58| +116 |+ 124 | +132 | +124 |+ 60 |+ 73
Bombay . Winter 0| — 4|+ 324+ 41+ 4|+ 8|+ 23|+ 39
Mean . . + 29|+ 27 |+ 74|+ 82|+ 68|+ 66|+ 41|+ 56
) ’ Su_mmer . + 7414+ 88| +225|+232|4+108 |+ 90 |-+ 158 | + 172
Lisbon . . { Winter + 8714+ 52| 4+119 |+ 112 |+ 81|+ 10| + 104 | + 105
Mean . + 80|+ 70| +172 | +172 |4+ 70|+ 50| 4+ 131 | + 138
) Su.mmer ool 850+ 91| +233 1 +255 |+ 83|+ 85|+ 185 | + 149
Greenwich. . Winter . .| 4+ 10514+ 95| +115 |+ 118 |4+ 1|~ 5|+ 87|+ 104
Mean . . .|+ 95|+ 93| 4+ 174 | + 184 | + 42 | + 40 | + 111 | + 127
Summer . .| +100 | 4+ 79 | +225 | +229 |+ 99 | + 92 | + 115 | + 100
St. Petersburg Winter . .|+ 92| 4+121 |4+ 96|+ 93| — 15| — 6|+ 69|+ 72
Mean . . .|+ 96|+ 100 | +161 |+ 161 | + 42 | + 43 |+ 92 | + 87

as. bg. @y 64.
Calcu- . Calcu- Calcu- Caleu-
Observed.| 1,304 |Observed. lated. Obsgerved. Tated. Observed. Tated
Bombay . . .| Meanofyear| + 71|+ 19|+ 8| — 24|+ 24|+ 20| — 14| — .12
Lisbon I 5 + 63| +108| 4+ 57 |+ 88|+ 24|+ 21|+ 8|+ 5
Greenwich . . ” + 41 |+ 82|+ 444 74|+ 17|+ 31|+ 14| 4 21
St. Petersburg . ’ - 12— 7|— 8|4+ 16— 18| — 20— 1|+ 97

392
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Tasre IX.—Comparison between calculated and observed variation of force to
geographical West. The unit of force is C.G.S. 107% The first four terms
only of the series a, cost -+ b, sin ¢ + a,cos 2t + D, sin 2¢ have been taken into

account.
Bombay. "~ Lisbon. Greenwich St. Petersburg.
P
_gN
= él\{,‘ Observed. | Calculated. | Observed. | Calculated. | Observed. | Calculated.| Observed. | Calculated.
— h Astronomical -
< time.
>_(>-1 a; + 29 + 2 + 80 + 70 + 95 + 93 + 96 + 100
O = by + 74 + 82 + 172 + 172 + 174 + 184 + 161 + 161
m[_u a, + 68 + 66 + 70 + 50 + 42 + 40 + 42 + 43
[— by + 41 + 56 + 131 + 133 + 111 + 127 + 92 + 87
= O
: O Hour.
= uw 0 + 970| + 930/ + 1500 | + 1200 | 4+ 1370 | + 1330 | + 1380 | + 1430
- 1 + 1266 | 4+ 1325 | + 2479 | + 2244 | + 2288 | + 2356 | + 2168 | 4 2190
<z 2 + 1816 | + 1459 | + 3037 | + 291'1 | + 2864 | + 3025 | + 2643 | + 2639
EO 3 + 1138 | + 1331 | + 3092 | 4+ 3091 | + 3012 | + 3229 | 4+ 2737 | + 2715
I; 4 4+ 801 | 4+ 1000 | + 2674 | 4+ 2785 | + 2733 | + 2958 | + 2461 | + 2432
3u L 5 L4+ 406 | + 570 | + 1918 | 4+ 2100 | + 2118 | + 2307 | + 1900 | + 1877
m% 0 6 4+ 60| + 160 | + 1020 | 4+ 1220 | 4 1320 | + 1440 | + 1190 | + 1180
92 7 — 154 | — 130 | + 194 | + 358 | + 516 | + 555 | + 482 | + 489
=< 8 — 199 | — 240 — 894 | — 305 | — 139 | — 172 | — 93| — T4
EE 9 — 92| - 171 | — 660 - 659 | — 552 | — 627 | — 461 | — 439
10 + 104 | + 21| — 61'7| — 691 | — 704 | — 785 | — 613 | — 599
11 P4 206 + 243 | — 377 | — 488 — 6568 | — 71'0| — 606 — 612
12 L4+ 390 + 390 — 100 | — 2000 | — 530 | — 530 | — 540 | — 570
13 4+ 322 4+ 379 + 43|+ 02 - 450 | — 394 | — 520 | — 576
14 + 74| + 171 — 69| — 21| — 522 — 425 | — 629 | — 703
15 — 318| — 211 | — 472 | — 3831 | — 792 | — 689 — 897 | — 975
16 —_ 71| — 690| —1106 | — 895 | — 1231 | — 1158 | — 1287 | — 1356
17 — 1174 | — 1154 | — 1820 | — 1586 | —1786 | — 1729 | — 1708 | — 175'1
18 — 1420 | — 1480 | — 2420 | —222:0 | — 216°0 | — 224°0 | — 2030 | — 204:0
19 — 1434 | — 1574, — 2716 | — 260°4 | — 2354 | — 2517 | — 2130 | — 2103
20 — 1191 | — 1390 | — 2574 | — 25685 | —220:3 | —242'8 | — 1921 | — 1862
21 — 728 | — 949 | —1960 | —2101 | —1668 | — 1913 | — 1379 | — 1301
22 — 184 | — 331 | — 951 | —1199 | — 798| —101'5 | — 561 | — 477
23 + 472 + 341 | 4+ 279 | — 26| + 276 | + 132 | 4+ 414 | + 486
g
g _—
L < @
2
—
olm
e
=,
= O
f=w
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TaBLe X.—Numerical values for the zonal harmonics, their differential coefficients,
and the functions T,?.
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Bombay. Lisbon. Greenwich, St. Petersburg.
P, + 03239 + 06255 + 07824 + 08654
P, — 03426 + 00868 + 04183 + 06235
1 v T Ooxor i L Do T Oows
A + 0 — 0422 — 0281 + 00206
; % + 8-;%%8 . - 8?(1)44 — 04149 — 02258
. + 0 + 01061 — 03620 — 03754
E dPy/du + 09718 + 18764 + 23473 + 25963
= dPy/dp — 07181 + 14341 + 30914 + 41174
- dP,/du — 1:8346 — 04089 + 25142 + 48529
O dP,/dp — 04457 —  2:3681 + 05618 + 43029
dPy/dp + 1:8839 — 27679 — 20498 +  2:3692
8 dP,/du + 18421 — 09882 — 41305 — 05776
P, dp + 30000 + 30000 +  3:0000 + - 30000
2P,y + 48588 + 93821 + 117364 + 129816
&P, Jdp? — 19916 + 13:0386 + 246401 + 318221
2P, [dp? — 116529 + 57017 + 343644 + 566573
L 2P dp — 68945 — 130104 + 308207 + 791540
2P, dp + 12:8380 —  30-2804 + 77166 + 874567
2Py dp? + 207369 — 278334 — 311374 + 704907
&P, | dpd + 34011 + 65674 + 82155 + 90872
BBPy/du — 94170 + 128393 + 460164 + 714102
BPyJd + 98399 — 325813 + 575912 + 2025953
AP dyd +306:10 + 59107 + 73939 + 81784,
APy —918°11 +2260-17 + 672152 +10101-17
d4Py/du +754-68 —3278:66 +16512:03 +44542:37
T . + 09194 + 14640 + 14620 +  1:3008
1 — 06747 + 11190 + 19253 + 20629
T, — 17358 — 03190 + 15658 + 24313
1 — 04217 — 18477 + 03498 + 21558
T . + 17825 - 2159 —~ 12766 + 11870
gﬁi . + 17429 — 07710 — 25725 — 02894
4 7
al
} T . + 2685 + 182 + 1163 + 0753
T . + 4349 + 5712 + 4551 + 3258
TS . — 1783 + 7938 + 9556 + 7987
oo Chmo TG Lo
LA - 6 — 79 + 95 + 19868
T T 18561 Z losis TS T 1rees
2 : - 16 — 12075 + 17693
T} + 28801 + 31195 + 19841 + 11427
TS . — 79745 + 60985 + 111130 + 89-801
T3 . + 83:326 — 154760 + 139:090 + 254770
I +245:23 + 219:06 + 11120 + 51525
Tyt . — 73555 + 83766 + 101090 + 636390
s Ty +604-62 ~121510 + 248340 4+ 2806300
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486 PROFESSOR A. SCHUSTER ON THE DIURNAL

IV. Comparison of Observed and Calculated Vertical Forces.

The complete potential can be written down from the value at its surface in the
usual manner, either on the supposition that the potential is zero at an infinite
distance, or that it is zero at the centre of the Earth, the first supposition
corresponding to the hypothesis that the seat of the magnetic variation is outside
the Earth. If Y, is a surface harmonic of degree n occurring in the expansion of
V/a, the solid harmonic will either be Y,(r/a)* or Y,(r/a)~®*V,  The vertical force
is given by oV/or, as the force is considered positive when it acts downwards. At
the surface, therefore, we have a term for the vertical force which is either »nY, or
—(n+1)Y..

Before we proceed to discuss the comparison between the observed and calculated
values of the vertical force, a few words are necessary regarding the available
observations.

The only station for which we have complete records for 1870 is Lisbon. It is
therefore impossible to obtain a satisfactory series for the vertical force which
would give us, if our information was more complete, directly the two terms, one
due to outside, the other due to inside, effects. But I shall show that even from the
existing data we can draw important conclusions.

At Bombay no vertical force determinations are published, as far as T know, before
1873, when the magnetograph came into operation; but we have complete records
between 1873 and 1878. During these years the general type of the vertical force
remained practically the same, only the range varying. Figs. 5 and 6, for instance,

Tig. 6.

are tracings of the curves given by Mr. CHAMBERS in the years 1873 and 1877, the
- two years which differ most in range. The other years show curves varying between
these two extremes. As far as the general form of the curve is concerned, we cannot
go far wrong, therefore, if we make use of the 1873 observations, especially as the
horizontal components show no marked difference (except as regards range) in 1873
and 1870.

Similar remarks apply to Greenwich. Although published records exist for 1870,
there is an uncertainty about the temperature correction, which makes the vertical
force observations previous to 1882 useless for our present purpose.

Table XI. will give an idea of the changes which the vertical force variation is
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subject to in various years. The numbers are copied from the published records of
the Greenwich Observatory.

TasLe XI.
Coefficients in the series

V= ¢, sin (t 4 &) + ¢y sin (2t 4 B) + c¢5 sin (3t + ) + ¢, sin (4¢ 4+ y)
where changes in V; represent changes in the vertical force, the unit being
00001 of the whole vertical force ; ¢ being the time from midnight.

. a. Cqe B. g RO Cqr é.
1883 14:3 14813 131 26658 53 89-60 13 203-20
1884 14-8 139:33 117 272-00 58 9552 21 289-49
. 1885 | 130 137:50 11-7 26535 51 88:28 15 28104
40 94-22 1-2 29750

1886 125 16058 119 26838

The principal discrepancy here occurs in the angle «, which would give a difference
of phase between 1885 and 1886 of about 23° or about an hour and a half; the
angle o differs much at Greenwich during different months; the phases of the other
terms show practically no difference. In comparing the observed and calculated
values, I have taken the year 1884, as during that year the range of the declination
needle was greatest, and corresponded most nearly to that of 1870.

At St. Petersburg, also, the results for 1870 are not corrected for temperature, and
there is reason to believe that this has affected the observed type considerably. I
have therefore compared the results of calculation with observation, also, for the year
1878, in which year the temperature corrections have been taken into account.

‘We must remember, then, in the comparison between the observed and calculated
values, that the greatest weight must attach to the Lisbon observations, and that
comparatively little value is to be given to St. Petersburg, as I have no records at my
disposal which would enable me to judge how far the type of vertical force there
varies from year to year.

Tables XII. and XTII. give the values of the coefficients a,, b,, a,, b,, &c., as calculated
on the hypothesis that the disturbing force comes from the inside of the Earth.
Tables XIV. and XV. give their values calculated on the hypothesis that the
disturbing force is outside. In both cases the observed numbers are given for
comparison. I have calculated the values for Lisbon separately for the winter and
for the summer months ; in the other cases the values for the mean of the year only
have been taken. The years attached to the observing stations refer to the date of
the observations ; the calculated values all belong to 1870.
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488 PROFESSOR A. SCHUSTER ON THE DIURNAL

Tasre XII.—Comparison between the observed and ca,léulatéd coefficients for the
vertical force, @, by, ay b, on the hypothesis that the disturbing force is inside
the Earth.

a. b, 2% bs.

Calculated. | Observed. | Caleulated; | Observed. | Calculated. | Observed. | Calculated. | Observed.

Bombay . . . . . .| +219 | — 42| — 57 |+ 9|+ 79 | — 21| —152

g + 28

Lisbon, sammer . . .| +580 | —196 | —206 | + 66 | +381 | —201 | — 87 | + 26
” winter . . . .| +336 | —135| —149 | + 55| +277 | —103 | — 19 | + 1
Greenwich, 1884 . . .| +350 | — 42| —190 | + 49| +139 | — 51| — 34 | + 2
St. Petersburg, 1870. .| + 177 | + 114 | — 154 | +125 | + 62 | — 59 | — 45 | — 38
’ 1878. . — 8 .. + 29 .. — 24 . - 2

TasrLe XIII.—Comparison between the observed and calculated coefficients as, by, oy, 0,
for the vertical force on the hypothesis that the disturbing force is inside the
Earth.

3. bs. a. by. }

Calculated. | Obgerved. | Calculated. | Observed. | Caleulated. | Observed. | Calculated. | Observed.

Bombay . — 734 - 10| — 420 | + 35| — 204 |+ 3| —290| + 16
Lisbon 41561 — 81| —1714 | + 12| + 92| — 21 | — 221 | 4+ 11
Greenwich . + 85| — 24| — 80 + 3|+ 281 | — 8] —382| 4+ 3
St. Petersburg. + 120} — 12| — 174 | — 8| + 223 | — 18| — 31'3| — 1

TasLe XIV.—Comparison between the observed and calculated coefficients a,, b;, a,, b,
on the assumption that the disturbing force is outside the Earth.

a;. b, . by,

Calculated. | Observed. | Caleulated. | Observed. | Calculated. | Observed. | Caleulated. | Observed.

| Bombay . . . . . .| —141 | — 42| + 31

v + 9] — 53 | — 21| +121 | + 28

Lisbon, summer . . .| —398 | —196 | +137 | + 66| —315 | —201 | + 52 | + 26
" winter . . . .| —248 | —135| 4+ 108 | + 55| —235 | —103 | + 15 | + 1
Greenwich, 1884 . . .| —235 | — 42| +132 | + 49| —110 | — 51 | + 21 | + 2
St. Petersburg, 1870. .| — 97 | +114 | +104 | +125 | — 40 | — 59| + 35 | — 38
’ 1878. . .. — 8 .. + 29 .. — 24 . - 2
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TaBLE XV.-—Comparison between the observed and calculated coefficients as, by, a,, b,
on the assumption that the disturbing force is outside the Earth.

[ by. ay. by.

Calculated. | Observed. | Calculated. | Obgerved. | Caleulated. | Observed. | Calculated. | Observed.

Bombay . . . . . .| + 66

— 1074+ 22 |+ 35|+ 18 |+ 3|+ 24 | + 16
Lisbon . . . . . .| —184 | — 81| +125 | + 12| — 8 | — 21! + 18 | + 11
Greenwich . . . . .| — 70 | — 24|+ 38 |+ 3| — 25 | — 8|+ 33 |+ 38
St. Petersburg. . . .| — 7 | — 12|+ 16 | — 8| — 20 | — 18| + 27 | — 1

Confining ourselves in the first place to the first four coefficients, we find that out
of twenty coefficients eighteen have the wrong sign on the hypothesis of an internal
cause, while only two have the wrong sign on the hypothesis of an external cause,
and those two belong to St. Petersburg, to which station, as was pointed out, we cannot
attach much value. If instead of the numbers given for 1870 we take the numbers
given at the same station for 1878, the agreement becomes better, even for St.
Petersburg. The coeflicients g, by, a,, b, are of course more uncertain; but even
here the evidence is strongly in favour of the external cause. Out of twenty
coefficients seventeen agree in sign with that hypothesis. -

A better comparison can perhaps be obtained in a different way : the two terms

a, cos nt -+ b, sin nt
can be written : ‘
rycos n (t —t,),

where 7, is the amplitude of the oscillation, and ¢, the time at which the maximum
elongations take place.

Tables XVI. and XVII. contain the results for ¢, and from these tables I think it
will clearly appear that the phase of the vertical force completely agrees with the
assumption of an external cause and completely disagrees with the assumption of an
wnternal cause.

For Lisbon, our principal station of comparison; the phase in Table XVI. agrees
for both the diurnal and semi-diurnal variation within four minutes of time. For
Bombay the diurnal variation agrees within three minutes, and the semi-diurnal
variation within 36 minutes. For Greenwich, the semi-diurnal variation, which we
have seen differs little from year to year, agrees closely, while the diurnal variation
shows a greater difference. In all these cases the phases, as calculated in Table XV,
are in as great a disagreement as possible. St. Petersburg gives less decisive results,
but they still go in the same direction, especially if we take the observations of 1878
to represent the type of vertical variation.

MDCCOLX XXIX.— 3 R
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490 PROFESSOR A. SCHUSTER ON THE DIURNAL

The amplitudes of the variation are given in Table XVIII. where the second
column gives the calculated values on the hypothesis which we must reject, while
the third column gives the same numbers calculated on the assumption of an
external cause.

The calculated numbers are much larger than the observed ones, which is a fact
requiring explanation. But, the range of vertical force differing from year to year,
we must confine ourselves in our reasoning principally to the Lishon observations.

The changes in the range of different years, as far as we have any observations,
are not so considerable, however, as to account for the discrepancies at Bombay or
Greenwich, and we must conclude, I believe, that also for those stations a considerably
smaller range is obtained in the observed than in the calculated forces.

TasLE XVI.—Observed and calculated values of the coefficients il and t, of vertical
force, when expressed in the form 7 cos (¢t — ?;) 4 7 cos 2 (¢ — ¢,) on the sup-
position that the disturbing force is inside the FKarth.

¢ ¢
Calculated. Observed. Difference. Calculated. Observed. Difference.

" h m h. m h. m. h. m h. m. h. m.

Bombay . . . . . . 23- 02 11 13 + 11 49 9 b5 4 23 + 5 32
Lisbon . . . . . . 22 35 10 40 + L1 58 11 42 5 50 + 5 52
Greenwich . . . . . 22 06 8 42 — 11 57 L1132 5 56 + 5 36
St. Petersburg, 1870 . . 21 16 3 10 — 5 54 10 48 7 05 +-3 43
’ 1878. . .. 7 05 — 949 .. 6 12 -+ 4 36

TapLE XVIL—Observed and calculated values of the coefficients ¢, and ¢, when
expressed in the form 7, cos (¢ — #,) =+ 75 cos 2 (t — t,) on the supposition that the
disturbing force is outside the Earth.

e s

Calculated. Observed. Difference. Calculated. Observed. Difference.

h. m. h., m. h. m. h. m. h, m. h. m.

Bombay . . . . . . 11 10 11 13 — 0 03 3 47 4 23 — 0 36
Lisbon . . . . . . 10 387 10 40 — 0 03 5 46 5 50 — 0 04
Greenwich . . . . . 10 03 8 42 +1 21 5 38 5 56 — 018
St. Petersburg, 1870, . 8 52 3 10 + 5 42 4 38 7 05 — 2 27
' 1878. .. 7 05 — 1 47 .. -6 12 — 1 34
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VARIATION OF TERRESTRIAL MAGNETISM. 491

TasLe XVIIL—Observed and calculated values of 7, and 7, in the expression
7y 008 (t — ¢;) + 75 cos 2 (¢ — ¢,) for vertical force.

7. 7y
Calculated | Calculated Calculated | Calculated
fr:mcglfsi‘zie. fro?ncgu?siede. Observed. froammilnaéi?ie. froixc(l)]u%sfde. Observed.
Bombay . . . . . . 226 144 43 171 132 35
Lisbon . . . . . . 491 346 176 . 333 277 153
Greenwich . . . . . 398 269 65 143 112 51
St. Petersburg, 1870. . 235 142 169 77 53 71
” 1878. . . . 30 .. .. 24

The agreement between the calculated and observed curves for vertical force is best
seen from the graphical representation given in figs. 7, 8, 9, 10. In the curves, the
diurnal and semidiurnal variation only have been taken into account. It is seen
how at Bombay, Lisbon, and Gr‘eenwich‘ the observed curves are almost identical in
shape with the curves calculated on the hypothesis of an external cause, if the range
is reduced in a proper ratio. The disagreement with the curves calculated on the
other alternative is complete, a maximum occurring where a minimum should occur,
and vice versd. At St. Petersburg, although the agreemént is much worse, the
1878 curve, which has been corrected for temperature, follows pretty closely the shape

of the calculated curve. The numbers from which the curves have been drawn are
given in Table XIX.

. Bowusay.
Comparison between calculated and observed curve of vertical force. The abscissee denote astronomical
) time, the ordinates vertical force, the unit of force being C.G-S. 1076,
Observed curve, white line. Curve calculated on hypothesis of outside force, dotted line. Curve
calculated on hypothesis of inside force, white and black line.
3R 2
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492 PROFESSOR A. SCHUSTER ON THE DIURNAL

Lisson.

Comparison between calculated and observed curve of vertical force. The abscissee denote astronomical
time, the ordinates vertical force, the unit of force being C.G.S. 1076,
Observed curve, white line. Curve calculated on hypothesis of outside force, dotted line. Curve
calculated on hypothesis of inside force, white and black line.
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Fig. 9.

ol |
480 r i

GREENWICH.

Comparison between caleulated and observed eurve of vertical force. The abscisse denote astronomical
time, the ordinates vertical force, the unit of force being C.G.S. 1078,
Observed curve, white line. Curve calculated on hypothesis of outside force, dotted line. Curve
calculated on hypothesis of inside force, white and black line.

Fig. 10.

St. PETERSBURG.

Comparison between calculated and observed curve of vertical force. The abscissee denote astronomical
time, the ordinates vertical force, the unit of force being C.G.S. 10-5.
Observed curves, white line—I. for 1870, II. for 1878. Curve calculated on hypothesis of outside force,
dotted line. Curve calculated on hypothesis of inside force, white and black line.
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If we, then, take it as proved that the primary cause of the variation comes to us
from outside the Earth’s surface, we are led to consider that a varying magnetic
potential must cause induced currents within the Earth, if that body is a sufficiently
good conductor. These induced currents might be the cause of the apparent reduction
in amplitude. As my colleague, Professor LaMB, had given considerable attention to
the problem of currents inside a conducting sphere, I consulted him, and he gave me
the formulse by means of which the induced currents can be calculated. His investi-
gation is added as an Appendix to this paper.

V. Discussion of effects due to Currents Induced vwn the Inside of the Earth.

I shall assume, then, for the present, that there is a periodic magnetic disturbance
having its cause outside the Earth, and being probably due to electric currents in our
atmosphere. Currents will be induced within the Earth, and we must now discuss
what the effect of these currents will be, and whether they will account for the reduc-
tion in amplitude of the vertical forces which the observations show.

The varying potential can be expressed as a sum of terms of the form

Q, cos (pt + N),

where Q is a solid harmonic of degree n. Professor LAMB’S formulee allow us to
calculate for each value of 7, and for each value of p, the magnetic effect due to the
induced currents, on the supposition that the specific resistance p of the Earth is
uniform, The forces due to these currents will have a different amplitude and a
different phase from the original forces, and it is the resultant effect which we observe
in the diurnal variations. The general effect will be to increase the horizontal com-
ponents and to diminish the vertical component. The difference of phase will be the
same for all components, provided we give a different sign to the amplitude of the
vertical components of the inside and outside currents respectively. Otherwise the
difference of phase of the vertical component will be greater by two right angles than
the difference of phase of the horizontal components.

If one of the horizontal forces and the vertical force due to the solid harmonic of
positive degree n are written

acos(pt+\) and beos (pt + N+ ),

the corresponding components due to the induced potential of negative degree will be
of the form
cacos (pt+ A+ a) and cbeos(pt + A+ €+ ).

Table XX. gives the coeflicients ¢/, ¢, and a for given values of the specific resis-
tance p, if » = 2. The value of 8 has the same meaning as in Professor LAmB’s
paper, and is connected with p by the equation

pd = 4mpR?
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where p is equal to 27m/T, and m is equal to 1 for the diurnal variation, and equal to
2 for the semidiurnal variation.

Table XXI. gives the same quantities for n = 4.

An example may render the use of the Table more intelligible. Let the Earth, for
instance, have a uniform specific resistance, which in C.G.S. units is 123 X 10%, and
consider that term of the magnetic potential which, on the surface of the Earth, has

the form . e
A sin u cos u cos Bk

where T is the time of the revolution of the Earth. This term alone represents
fairly well the characteristic features of the diurnal variation. Here, as n = 2, we
may use Table XX. The value of 8 corresponding to the assumed resistance is 30
and we find ¢ = — *5 approximately, which means that the vertical force due to the
induced currents has half the amplitude of the vertical force due to the primary
currents ; also, the difference in phase is 41°; as the sign of the amplitude is changed,
this means that the minimum of the vertical force due to induced currents takes place
not quite three hours after the maxvmum of the corresponding primary force. Similarly
the horizontal force due to the inside current is only one-third of the corresponding
horizontal force due to the outside potential, and here the mawimum due to the
secondary currents takes place nearly three hours after the maximum due to the
secondary currents. To get similar numbers for the semidiurnal variation we should
have to put m = 2, and find ¢, ¢/, and a for 8§ = 60, because p = 1-23 X 101
=2 X 6'15 X 10'%, and looking up 615 X 10'? in the last column we should find the
corresponding number in the first column to be 60.

TasLe XX.—Comparison of the magnetic forces due to a system of varying electric
currents outside the Earth, with the forces due to the currents induced inside
the Earth. =n = 2.

c. .
: Rz;tio of dnorma,l Rat;o of tfingqntial " o 1 ) .
. orces due to orees due to s * orresponding value of p.
secondary and primary | secondary and primary Difference of phase. P 8 f
variation. variation,
1 — 02854 + *01903 87 27% 370 x 10 x m
2 ‘05688 ‘03792 84 55%- 185 x 1014
3 ‘08484 05656 82 25 123 x 1014
4 11226 ‘07484 79 87 925 x 1013
5 13895 ‘09263 77 32% 7°40 x 1013
6 16479 10986 75 104 617 x 1013
7 18968 ‘12645 72 53 529 x 1013
8 21354 14236 70 41 463 x 1013
9 23633 15755 68 32 411 x 1013
10 25799 17199 66 29 870 x 1013
20 41771 27847 -7 50 32 185 x 1013
30 -50520 +33680 41 03 123 x 1013
40 56158 37439 _ 35 11 925 x 1012
50 59864 39909 31 11 7°40 x 101?
100 69949 46632 21 33 370 x 1012
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TasLe XXI.—Comparison of the magnetic force due to a varying potential repre-
sented by a solid harmonic of degree 4 with the corresponding forces due to

currents induced inside the Earth.

C
Ratio of normal
forces due to
secondary and primary
variation,

,

Ratio of tangential
forces due to
secondary and primary
variation.

oo
Difference of phasec.

Corresponding value of p.

1 — 0101 + -0081 89 01 370 x 101 X m.
10 0992 0794 80 21 370 x 1013
100 5149 4119 37 50 370 x 1012
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Tables XX. and XXI. cannot, however, be used to compare our calculated and
observed results, but form only an intermediate step.

We observe on the Earth the resultant of the outside and inside effect, and we
have calculated the vertical force on the assumption that the whole horizontal force
is due to outside effect.

In fig. 11, let OH, represent that part of the horizontal force which is due to the

Fig. 11.

outside effect, and OH, the corresponding force in phase and amplitude which is due
to the induced effect. The observed horizontal force will be the resultant OK. Let
OV, be the magnitude of the vertical force due to the outside currents, and OV, the
vertical force in phase and amplitude due to the induced effect. The observed
vertical force will be ON. If we calculate the vertical force on the assumption that
the resultant OK is due entirely to the outside, we should obtain a force OR, such
that OR : OK :: OV, : OH,. Our calculated value of vertical force will be OR, and
our observed value ON. We require the ratio of lengths of these lines and the angle
between them.

MDCCCLXXXIX.—A., 38
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498 PROFESSOR A. SCHUSTER ON THE DIURNAL

In the triangle ONR we know, from Table XX., the ratios

ViR:0V, = H,K: O, = OH,: OH, = ¢,
VN:0V, =0V, : 0V, =g,
also the angle
NV,0 = V,0H, = a.
Write
NOV,=10; ROV, =¢; ONV, = ¢; ORV, = ¢

The triangles OV,N and OV, R give us the equations

tan § (¢ — 0) = —1—-+~~ cot =

22

tan g (¢’ — 0') = T /tdn2

¢+ 0)=mn—uo,
(¢ + 0) = o

These equations determine @ and ¢, and hence the required angle y = 6 + ¢'; also
OR : ON = sin ¢ : sin ¢'.

Tn Table XXIL. the angle 'y and the ratio ON OR: = r have been calculated
for n=2. Table XXIIL gives the corresponding quantities if the inducing solid
harmonic is of degree 4.

TasLe XXIL—Comparison between resultant vertical force as regards magnitude and
phase when induced currents are taken into account and vertical force calculated
on the assumption that the whole is due to an outside effect. The inducing
potential is a solid harmonic of degree 2.

S, l?gﬁf;gﬁem Change of phase. pe
7. 9.

1 9981 243 370 x 10U

5 9565 13 02 740 x 1018
10 8589 23 10 370 x 1018
20 6705 34 03 1-85 x 103
30 o516 38 12 123 x 108
40 4762 40 16 925 x 1012
50 4261 41 10 740 x 1012
100 ‘3004 43 08 370 x 1012
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TaBre XXIIl.—Comparison between resultant vertical force, as regards magnitude
and direction when induced currents are taken into account, and vertical force
calculated on the assumption that the whole is due to an outside effect. The
inducing potential is a solid harmonic of degree 4.

o. R;i‘;cﬂﬁﬁé“ Change of phase. P
1 9997 106 370 x 1014
10 9723 10 06 370 x 1018
100 4982 38 49 370 x 101°

The observed amplitude of the vertical force at Lisbon is about one half of its cal-
culated value. If the conductivity of the Earth was such as to produce this reduction
in amplitude, it is seen from Tables XXTI. and XXIII. that the phase would be altered
about 40° while in reality there is a remarkable agreement in phase. If the con-
ductivity is so small as to leave the resultant phase practically unaltered, as observation
tends to show, the amplitude also should not be sensibly altered. There is, therefore,
no uniform conductivity of the Earth which can make the observations agree with
the calculation. Such an agreement, however, can be easily brought about, as
Professor Lams has suggested to me, if the conductivity of the inside of the Earth is
larger than the conductivity of the upper layers. It is extremely probable that this
is really the case. The bulk of the outside layer of the Earth, except in so far as it is
waster, is made up of material which in its ordinary condition is non-conducting ; but we
know that some of the silicates begin to conduct at temperatures above 200° C., and,
generally speaking, insulators lose their insulating powers at high temperatures. With-
out regard even to the quantities of metallic matter that may be stored inside the Earth,
there is nothing improbable in the supposition that its conductivity increases towards
the inside. If the bulk of the observed induced effect is due to currents in a fairly
conducting inner sphere, the calculated phase would be that due to good conducting
matter, and would not differ from the observed value, while the reduction in amplitude
might yet be sufficient to account for the observed facts. In order to give a better
idea of the kind of conductivity which is required to produce a certain change of
phase, it may be stated that for the purest distilled water obtained by KonLrRAUSCH
p would be about 14 X 10", Such water is, as is well known, a very bad conductor,
and, according to our Tables, if the whole Earth was made up of matter which conducts
as badly, there would be no currents in the Earth induced by the diurnal variation of
sufficient intensity to affect our magnetic needle sensibly. Ordinary rain water, how-
ever, has a specific resistance of about 6 X 103, A conducting sphere of the same
resistance would already produce a retardation in phase of about an hour for the
diurnal variation if the solid harmonic is of degree 2. For salt water the resistance

38 2
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500 PROFESSOR A. SCHUSTER ON THE DIURNAL

may get as low as 4 X 10°% A whole sphere made up of such water would very
considerably reduce the amplitude of the observed vertical force, and alter the
resultant phase by 45° nearly. The average conductivity of the Earth, as seen from
these examples, must be small, although it may be considerable over limited areas.
Such limited areas would principally affect the harmonic terms of higher degrees, and
we should not consequently expect for them such a good agreement between theory
and observation. Table XXII. shows that as the resistance of the sphere diminishes
the retardation of the resultant phase seems to approach a constant value of 45°
This can be proved to be quite generally the case. It follows directly from a formula
given by Professor LaMB in the Appendix, and can also be seen as follows :—When
the conductivity is good the angle between OH, and OH, in fig. 11 will steadily
diminish, and ultimately vanish. OK will ultimately coincide with OH,, and OR
with OV, ; but the angle between OV, and OV, will increase towards 180° and the
sides will tend towards equality. Two very nearly equal and very nearly opposite
forces may have a resultant which is inclined by a finite angle to the forces. To find
the angle in the limit between OV, and OV, we deduce, in the first place, an expres-
sion for the ratio of the vertical force due to the outside effect to the vertical force
due to induced currents for good conductivities.
This ratio depends, as shown by Professor Lams, on the function

¥« (KR) where «*= """,

and
sinh ¢

(0 =35 .. (2n+1)<§d€> :

If n is odd,

. cosht =z +1sinh¢  a—1amn+1n4 2 cosh
(gag) sinh &=t = "5 i T

= - 9 gnt? 9.4 gnts
(n—=2)...(n -+ 3)sinh & .

2.4.6 grrt

If = is even, we must interchange sinh £ and cosh
If ¢ is larger, so that ¢~¢ can be neglected, compared to ef, cosh {=sinh {= ef, and

K2R? XS («R)
9 + 1.(2 + 3) gy (1)

which is the ratio of the vertical forces due to the induced and inducing potential

will become
n+ 1o+ 2

Lo 1y wn+ 1+ 2.0 +3 . _
n—1. n—2.n — l'nn-g-l . ?
1 =T PR R
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where

= ___p RY = @0,
- " 1 —) = §-% -
- = and{ = 4 — 2(1 1) = 8" <0034 zsm4)
Generally in the above expansion we may put therefore

{~1= §~12 (cos zrf — 7 8in %7) ;

so that the ratio of the vertical forces wiil be

X 4iY
X +4Y"?
where
_ w41+ 2 ™ -1 4+ 1o+ 2.0+ 3 2r o
X=1-— 5 cos, 8 + 54 cos 8
n—1...(n+4 s
_ ¢ )246( )co o -1,
 on+la+2 . ow w na+lan+2a+3 . 2 -1
Y= T sin 7 8 — 54 sin ) |
(“*1) (n+4) . 3r o,
+ 2.4.6 sin 7 874,
! n—1mn m sy n=2n—lan+l 2T o,
X' =1 5 CoS i o cos 8‘ e,
y __n—1L1ln . m _%_n-—-Q.n-—l.n.n-i-l 2_75 -1
Y = 5 sy S 54 sin "1 4 ..

The ratio of the amplitudes, if 3 is large, becomes

X2 + Y )
\—‘//Tg(—,é{«—f;z)—)_ — (20 + 1) (28)

and the angle between the two vertical forces
tan=12 — tan-1 = (2n + 1) (28)—*.
X~ X

The resultant of these two forces, resolved in a direction parallel to either of them,
is therefore equal to the component which is at right angles, and the resultant will
consequently be at an inclination of 45°.
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502 PROFESSOR A. SCHUSTER ON THE DIURNAL

The result will not hold, of course, if conduction in the Earth’s crust takes place
chiefly at some distance below the surface, as in that case the vertical force due to the
induced currents will not tend to become equal to the vertical force due to the
primary variation. TFor a bad conductivity we shall always have a resultant vertical
force sensibly equal to the primary force. If the conductivity increases, the resultant
will have a different phase from the primary variation, tending towards a difference
of 45° if the conductivity is uniform. If the conductivity is not uniform, a maximum
difference of phase will be reached, which, if the conductivity is still further increased,
diminishes indefinitely.

VI. The Maghetic Potential on the Surface of the Eorth.

As it seemed interesting to trace the equipotential lines on the surface of the Earth
as far as they depend on the diurnal variation, I have calculated the potential from
the equations [A] and [B].

It is necessary, for this purpose, to compute the tesseral harmonics for definite
points on the Earth’s surface. It would seem most natural to choose these points, so
that they lie on equidistant circles of latitudes, but as tables™ exist for the zonal
harmonics in terms of the cosine of the colatitude, I have selected values of these
cosines so that the corresponding angles should differ as nearly as possible by 10°

The values of % and p = cos %, for which the potential is computed on the Northern
hemisphere, are given in Table XXIV., u being the colatitude.

TasLe XXIV.

p=cosu= 98 94 87 77 64 50 34 17 ‘00
w= 11°29" 19°57 29°32" 39°39 50°12 60°00° 70°07 80°13 90°00

Symmetrical circles of latitude were taken on the Southern hemisphere.

Taking from Mr. GLASHER'S Table the values of P; corresponding to each of the
above values of u, we obtain the differential coefficients of zonal harmonics by a
successive application of the formula

dP;  dP;_,

The first and second differential coefficients thus calculated are given in Tables
XXYV. and XXVI.

* ¢ Report of the British Association” (Sheffield, 1879).
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VARIATION OF TERRESTRIAL MAGNETISM. 505

Introducing these quantities in the equations for the potential, and taking proper
account of the change of sign of w in the Southern hemisphere, I have obtained
Table XXVIL, in which the potentials are given for 24 equidistant meridian circles.
In order to reproduce the daily variations, we must imagine the whole system of
equipotential lines to revolve round the Earth from Fast to West ; the time for which
the potential is given is mean noon for the zero. meridian. It will be remembered
that the equations for the potential have been derived from the mean summer values
in the Northern, and mean winter values in the Southern hemisphere. If we want
to get a symmetrical potential in both hemispheres, we must take the average varia-
tion for the whole year, or, what comes to the same thing, we may in Table XXVIL.
write down the mean values for two corresponding circles of latitude, one in each
hemisphere. This has been done in Table XXVIIL, where the values are only given
for the Northern hemisphere. The mean equipotential lines for the year are drawn
in fig. 12, If we imagine the variable part of the magnetic force to be produced by
a system of surface currents in a conducting sphere concentric with the Earth, and
surrounding it, we may, if the potential is known, calculate the distribution of the
lines of flow.

If the magnetic surface potential is of the form Q,, when Q, is a harmonic of degree n,
the current function ¢, is given by
2n+ 1

dmdy = — n+1

so that the lines of flow are the same as the equipotential lines. This is no longer
true when the magnetic potential is made up of a number of terms corresponding to
harmonics of different degrees, for the factor (2n + 1)/(n ++ 1) will vary for different
terms, and the resultant carrent function will therefore no longer be proportional to
the resultant magnetic potential.

In our own case, taking the mean values for the whole year, the series begins with
0,, and the factor (2n + 1)/(n 4 1) will vary, therefore, only between 5/3 and 2. We
may then, as an approximation, still take the equipotential lines to give us the general
form of the lines of flow. We conclude that we may imagine the daily variation
of the Earth’s magnetic force to be produced by a system of electric currents in a
sphere surrounding the Earth, in which the lines of flow are roughly represented in
fig. 12, the direction being such that at longitude 60° East the flow is away from the
equator.,

¥ Maxwrrr, ¢ Electricity and Magnetism,’ vol. 2, p. 281.
MDCCCLXXXIX, -- A, 3T
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506 PROFESSOR A. SCHUSTER ON THE DIURNAL

TasLe XXVII.—Values of the variable part of the magnetic potential on the
cosine of the colatitude) and 24 equidistant meridian circles, reckoned from
is that of the mean summer months. The time is Greenwich noon.

p=cos u. | A=0. 15. 30. 45, 60. 75. 90. 105. | 120. 135. 150.
+98 |— 21'7|— 158|— 95|— 33 |4+ 16 |+ 54 |+ 79|+ 98|+ 116+ 135|+ 159
+ 94 |— 618|— 466|— 286|—106 |+ 51 |+17:1 [+ 254+ 307|+ 341 |4 374+ 410
+ 87 |—1352|—106'9 |— 69-5|—288 |+ 91 |+40'3 |+ 623 |4+ 753 |+ 8134+ 832 4+ 841
+ 77 | —212:4|—171:6|—1133 |—47'0 |+170 |+70:3 |+ 1076 |4+127-7 41334} +129°6 |+ 1225
+ 64 |—247-3|—197'5|—1264|—459 |4+307 |+93:0 |+134:2| 4158241537 |4+ 143'1|+129'6
+ 50 |—2212|—167-3|— 96:3|—21'2 |+46'1 |+96'3 |+125:8|+133-7 |+1273 |4+114°6|+103-3
+ 34 |—1581|—1057|— 458|+11'8 |+56'3 |+83'4 |+ 925 |+ 880 |+ 769 |+ 670|+ 641
+ 17 |— 935 |— 495|— 51 |+31'2 |+542 |+624 [+ 582+ 472|+ 360|+ 308|+ 347

00 |— 424|— 134+ 131|+322 |+416 |+415 |+ 348 |4+ 2494 170 |+ 144 |+ 185
— 17 + 64|+ 171|4+ 2411|4268 |+24°7 |+196 |+ 130|+ 68|+ 29|+ 144+ 295
— 34 + 6234+ 562 |+ 43:3|+263 |+ 84 |— 71 |— 185|— 245 |— 26:0|— 245|— 22:3
— 50 +111°2 |+ 943 |+ 656|+304 |— 52 |—356 |— 567|— 671|— 672|— 61:0|— 522
— 64 |+129°2+1078 |+ 72:3|+281 —17-3 |—56'7 |— 8+9|— 98'7|— 989 |— 887 |— 731
— 77 +106-8 |+ 854 |+ 5224117 :—29'7 —659 |— 92'1|—1051|—1049|— 93:9|— 762
— 87 + 630 |4+ 442|+ 191|— 92 —372 |—611 |— 780|— 859 |— 848|— 76'5|— 617
— 94 + 263 |+ 121|— 38|—201 '—351 |—471 |— 550|— 581|— 563 |— 501 |— 404
—98 |+ 86|— 02|— 92|—175 ;—24.«'6 —29-9 |— 33:1|— 337|— 32:0|— 281|— 222

TaBLE XX VIIL—Values of the variable part of the magnetic potential on the
cosine of the colatitude) and 24 equidistant meridian circles, reckoned from
is that corresponding to the mean values for the year. The time is Green-

p=cosu | A=0.| 15 30. 45. 60. 75, 90. 105. 120. 135. 150.
98 — 151|— 78|— 01|+ 71 |+181 [+176 |+ 205 |+ 21-7|+ 218|4+ 20:8|+ 190
‘94 — 44°0|— 29:3|— 1244+ 47 |+201 |+821 |+ 402 |+ 444 |+ 452 |4 437 |4 407
‘87 — 991 |— 755|— 443 — 98 |4+231 |+507 |+ 701 |+ 806 |+ 830 |+ 798|+ 729
77 —1596|—128'5 |— 827 |—29'3 |+23-3 |+681 |+ 998 |+1164|+119-1|4+111-7|+ 993
64 —1882|—1526|— 993 |—37:0 |+24:0 |4+ 748 |+109'5|+1259|+126:3 |+115-9|+1013
50 —166'2|—130'8 |— 809 |—25'8 |+25'6 |+659 |+ ©1'0|+1004|+ 972 |+ 87:8|+ 777
*34 —1102|— 809 |— 44:3|— 72 [+239 |+452 |+ 555 |+ 562 |+ bl |+ 457 |+ 432
17 — 499|— 333|— 146 |+ 22 |+147 |+21:4 |+ 226 |+ 202|4 165 |+ 147 |+ 161
00 000 00-0 00-0| 000} 000 | 000 00-0 000 00-0 000 00-0
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Earth’s surface for 17 latitude circles corresponding to different values of u (the
Greenwich towards the East. The period of the year to which the Table refers

) N

A

SOCIETY

OF

A

OF

‘ 165 180. 195 210. 225. | 240. | 255. | 270. | 285. | 300. 315. | 330. 345.
+ 184|+ 20:3|+ 210(+ 197+ 161|+102|+ 2:2|— 6'5|—150|— 21'8|— 26'3|— 277 |— 260
+ 452+ 488|+ 504 |+ 484+ 408|+275 |4+ 91|—124|—345|— 53'9|— 676|— 736|— 714
+ 857|+ 876+ 9834+ 854|+ 742|4+541|423:0|—147 |—56'7|— 96:9|—1286|—147-3 |—149-5
+116'6(4+114-0| 41134+ 1109 |+ 1010+ 790 |+ 419 |— 92|-—69'5|—131-0|—183'6|—218'5 | —228'8
+119°7|+116'3|+1182|+119-8|+113'9|+ 935 |+ 544 |— 32|—73-8|—147'1|—211'1|—253'8|—267"1
+ 989|+102:6|+111-1|+1180|+1142|+93'7 [+ 537 |— 67 |—77'5|—1487|—207-6|—2432 | —247"9
+ 70-7|4+ 845|+ 999|+109'1|4+1044|+811|+384|—189|—822|—140'7|—183'2|—201'5 |—192'5
+ 475+ 6494+ 809|+ 883 |+ 812|+574|+186|—296|—786|—1192|—1432|—146'3|—128'5
+ 278+ 394+ 486|+ 509|+ 434|+252|— 1-1|—315|—601|— 81:0|— 90:0|— 853 |— 682
+ 51|+ 74+ 79+ &1|— 08|— 91|—186|—268|--31'8|— 32'1|— 274|— 181|— 61
— 214|— 227|— 266|— 31'5|— 355|—362|—31:7 |—21'1 |— 51|+ 142+ 337|+ 501 |+ 602
— 44°7|— 410|— 41'5|— 446 |— 466|—438|—332|—135|+142|+ 462 |+ 772|+101'2|+1135
— 57:2|— 450|— 382|- 357|— 34:5|—30'1(—193|+ 07|+291|+ 623+ 951|+1205|+1332
— 566|— 388|— 254|— 168|— 91|— 19|+ 85|+241|+449|+ 685+ 91'3|+107-8|41140
— 44:8|— 276|— 122|4+ 09|+ 12:0/4+220|+31'9|+426|+539 |+ 648|+ 732+ 768|+ 740
— 287|— 157|— 27|+ 94|+ 205|+299|4+381|+444|+487 |+ 507 |+ 497+ 456+ 377
— 150|— 68|+ 14|+ 96|+ 171|4+234(+283|4+31'3 +325/+ 316|+ 285|+ 234+ 166
Earth’s surface for 17 latitude circles corresponding to different values of u (the
Greenwich towards the East. The period of the year to which the Table refers
wich noon.

165. | 180. | 195. | 210. | 225 | 240. | 255. | 270. | 285. | 800. | 815 | 830. | 845,
+167 |+13'5 1+ 98 |+ 50 |— 05 |— 66 |—130 |—189|—237|— 267 |— 274 |— 255 |— 213
+36'9 [+32:2 [+26'5 [+19'5 |+10°1 |— 12 |—145 |—28'4|—41'6 |— 52:3|— 586 |— 596 |— 545
+652 [+576 |[+552 | +422 |+31'1 |[+160 |— 44 |—286|—553|— 80-8|—100'9 |—112:0 |—111-7
+86'6 |+764 |+694 |+638 |+550 [+404 [+167 |[—166 |—57-2 |— 997 |—1374|—1631 |—1714
+884 |+806 |+782 |+777 |+742 |+61'8 |+368 |— 19|—51'4|—1047 |—153-1 |—187'1 |—200°1
+718 |+71'8 |+76'3 |+ 818 |+804 |+687 |+434 |+ 34|—458|— 974 |—1424 [—172:2 |"1807
+46'0 |+536 |+632 |+70°3 |+699 [+586 |+850 |+ 11|—385|— 774|—1084|—1258 |—126'3
+21-2 |+2687 |+365 |+416 |+41°0 |+332 |+186 |— 1'4|—284|— 435|— 579 |— 641 |— 612

000 | 000{ 0000| 0000 000 000 | 0000 000{ 000 000 00-0 000 00-0
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VIL. Concluding Remarks.

FArADAY, in the year 1850, discussed the diurnal variation of the magnetic needle.
He showed that the changes which took place during daytime could be accounted for
by supposing two magnetic poles—namely, a North pole in the Southern hemisphere,
and a South pole in the Northern hemisphere—to be carried round with the Sun in
our atmosphere. A glance at fig. 13 will show that our result entirely agrees with
Farapav’s. The proof that the principal part of the Earth’s magnetism is due to
causes outside its surface would have been almost as complete in the year 1850 as
it is now, if FARADAY had added the remark that, if all three components of the
variation can be completely accounted for by hypothetical changes taking place outside
the Earth’s surface, they cannot be accounted for by changes taking place in the
inside.

I cannot agree, however, with FARADAY in the explanation which he gives of the
variation. He imagines that the solar radiation, heating up the air, produces a
sufficient change in its magnetic permeability to account for the observed deflection
of the lines of magnetic force. ‘

The magnetic susceptibility of oxygen at the atmospheric pressure and temperature
is about '5, 1077, and for air it is smaller still. This would give the magnetic per-
meability as 1:0000006. If the air was entirely removed the change of magnetic
force would be so small that we could not detect it. I have tried in various ways to
find how a partial removal of the atmosphere as a magnetic medium could affect the
needle in any appreciable way, but have failed to do so. FARADAY suggests that the
oxygen in the higher regions of the atmosphere might, owing to the greater cold, be
much more magnetic than what we observe it to be. But, on the other hand, owing
the smaller density, the permeability would be diminished ; so that I do not think we
are at present justified in ascribing any material part of the daily variation to a
change of the magnetic permeability of air due to the heating effect of the Sun. The
effect of the Moon suggests a tidal action as the cause, and we may inquire whether
such a tidal action could produce the observed effects. The late Professor BALFoUR
STEWART has suggested that the Earth’s magnetic force might induce electric currents
in the convection currents which flow in the upper regions of the atmosphere. One
difficulty of this hypothesis was removed by an experimental investigation, by means
of which I have proved that the air can be thrown into a sensitive state in which
small electromotive forces will produce sensible electric currents. To bring the air
into that sensitive state it is only necessary to send an electric current through it
from some independent source of high potential. It is very likely that the air in the
upper regions of our atmosphere is in such a sensitive state, and it is quite possible,
therefore, that the induced electric currents suggested by Professor BALFOUR STEWART
really exist. o '

The symmetry of the diurnal variation in both hemispheres shows that, if it is due
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510 PROFESSOR A. SCHUSTER ON THE DIURNAL

to the assumed cause, the vertical component of the magnetic force is the important
factor, as that component changes sign on crossing the magnetic equator. In order
that electric currents should be induced which could account for the observed move-
ment of the magnetic needle, it is only necessary to imagine convection currents in the
upper regions from East to West during certain parts of the day, and from West to
Tast at other times. Judging from the analogy of the theory of waves in shallow
water, a horizontal motion of considerable velocity might be produced by a tidal action
due to solar and lunar attraction. It is true that no periodic change of the barometer
has been traced with certainty to a tidal action; but I suppose that a tidal wave
must nevertheless exist, and that its horizontal flow might be considerable, while the
changes of pressure might escape our attention. As regards the effect of the Sun we
have, indeed, a daily period of the barometer which is probably due to thermal
effects. It is curious and suggestive that the horizontal motion which must accom-
pany the change in pressure is just such as would account for the daily variation of the
magnetic needle. In the tropics the principal minimum of the barometer takes place
about 3.40 oclock in the afternoon, and the principal maximum about 9 o’clock
in the morning. According to the theory of waves, there would be a horizontal
movement from West to East in the afternoon, and from East to West in the morning.
The direction of the induced electric currents would be away from the equator in both
hemispheres in the afternoon, and towards the equator in the morning. This is
exactly the system of currents we have been led to, starting from the observed
magnetic variation. The only difficulty I feel in suggesting that the cause of the
diurnal variation of the magnetic needle is the diurnal variation of the barometer lies
in the fact that it would oblige us to place the electric currents into the lower regions
of the atmosphere, as these only will be much affected by the thermal radiation of the
Sun. The phase of the barometric oscillation has been found to be reversed on the
top of mountains, and it would be interesting to see whether the magnetic variations
show any peculiarities at great heights.*

The region of the atmosphere which other considerations lead me to consider as.the
most sensitive to electromotive forces is that of the cirrus clouds, and I should be
inclined to look to that region for a solution of the question.  The lunar action
seems, according to the researches of Mr. CHAMBERS, to be a modification of the solar
action rather than an independent effect. This might be accounted for if we suppose
that the conductivity of the air depends on the position of the Sun, while the electro-
motive forces depend on the combined positions of the Sun and Moon.

* [Note added October 11, 1889.—Since writing the above I have become acquainted with HANN’S
recent work on the dinrnal oscillation of the barometer (‘ Wien, Denkschriften,” vol. 55, 1889.) It
appears from the regularity of the semidiurnal period in different altitudes and latitudes that its cause must
lie in atmospheric movements in higher regions of the atmosphere. The reversal of phase mentioned in
the text is due to local effects and has nothing to do with the regular oscillation. It seems to be

exceedingly probable in the light of these researches that the daily variation of the magnetic needle is
connected with the daily oscillation of the barometer in the way described in the text.]
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It will be interesting to follow out in future researches the field which this investi-
gation has opened, especially in order to trace the effect of the Sunspot variation ; but
for this purpose it is absolutely necessary that different observatories should follow a
more uniform plan in reducing their observations. It has been found by experience
that if the hourly readings of the magnetic needle are collected together, and their
mean taken, that mean is different according as the disturbed days are taken into
account or rejected. In other words, the disturbances are not irregularly distributed,
but have a daily period which is mixed up with the regular daily variation. If we
want to separate the investigation concerning the regular variation and the disturbance
variation, we must adopt some plan of obtaining the one without the other. I need
not here describe SABINE's well-known method of doing this. Grave objections have
been urged against it, but it is still adopted in many observatories. A discussion of
the various methods of reduction which have been proposed will be found in receunt
Reports of the British Association, and amongst them that adopted by Mr. WiLp at
St. Petersburg seems to me to be the only one which can be justified on strict scientific
principles. It consists in selecting the curves for the quiet days, of which there are
always a sufficient number in each month, and not to take account, as SABINE’S
method does, of any reading at all during the disturbed days. We get in this way
something perfectly definite, namely, the mean variation of the magnetic needle
during certain specified days. It seems to me that if the heads of different observa-
tories could adopt some system of intercommunication, by which they could select
those days which are most quiet all over the world, and if the elements are reduced
for those days solely at the different stations, we should obtain a series of values for
different points of the Karth which are strictly comparable with each other. The
labour of reduction, as far as I can judge, would thereby be seriously diminished.
The method hitherto adopted at Greenwich is very similar to that of WiLp, and will
not, probably, lead to results which are sensibly different.

The reduction of the observations by spherical harmonic analysis would be a very
simple matter according to the method which I have followed, if the results of different
stations were published in a manner which would lend itself easily to the work. The
method of publication adopted at Greenwich is very convenient, and might serve as a
model to other observatories. Much labour is, however, involved in reducing varia-
tions in horizontal force and declination to variations in force towards the geographical
West and North respectively. If all observatories could publish the coefficients of the
harmonic series of the elements as at Greenwich, but reduced to the geographical
instead of the magnetic co-ordinates, the progress of magnetic science would be much
assisted, as every scientific investigation must take the geographical components for
its starting point.

I have tried to form an idea as to the degree of accuracy reached in the deter-
mination of such quantities as the daily variation of declination ; the result is not
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altogether satisfactory. Mr. WHIPPLE, in the ¢ British Association Report’ (Birming-
ham, 1886, page 71), says :— ‘

“ Contrasting the Kew results with those of Greenwich, we may fairly consider the
difference to be due in some measure to instrumental causes, the construction of the
magnetographs being dissimilar at the two observatories. The slight difference in
position of the two observatories may likewise have some influence.”

The difference amounts to about 15 per cent., and it seems as if the question
whether such a difference can be due to instrumental causes deserves a careful
examination. Mr. CHAMBERS, at Bombay, has found similarly that the results of the
magnetographs differ from those obtained by the old magnetometers ; and he seems to
ascribe the difference to an influence of height above or below the ground level.”
The height of the magnetometer was 6 feet above ground, and that of the magneto-
graph 7% feet below ; the former gives ranges greater by 7 per cent. for the declination
variation, and the difference is greater still for the horizontal force component. That
there should be a real difference of that magnitude in the two positions seems exces-
sively unlikely, and we must conclude that at present the results given by magneto-
graphs are doubtful to the extent of about 10 per cent.

In conclusion, we may sum up the principal results obtained in this paper as
follows :— ,

1. The principal part of the diurnal variation is due to causes outside the Earth’s
surface, and probably to electric currents in our atmosphere.

2. Currents are induced in the Karth by the diurnal variation which produce a
sensible effect chiefly in reducing the amplitude of the vertical component and
increasing the amplitude of the horizontal components.

3. As regards the currents induced by the diurnal variation, the Earth does not
behave as a uniformly-conducting sphere, but the upper layers must conduct less
than the inner layers.

4. The horizontal movements in the atmosphere which must accompany a tidal
action of the Sun or Moon or any periodic variation of the barometer such as is
actually observed would produce electric currents in the atmosphere having magnetic
effects similar in character to the observed daily variation.

5. If the variation is actually produced by the suggested cause, the atmosphere
must be in that sensitive state in which, according to the author’s experiments, there
is no lower limit to the electromotive force producing a current.

In conclusion, the author begs to return his thanks to Mr. Wirriam Erris for help
given in some of the calculations, and also to his assistant, Mr. ARTHUR STANTON, for
much labour bestowed on making and checking numerical calculations.
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APPENDIX,

On the Currents Induced in o Spherical Conductor by Variation of an External
Magnetic Potential.

By Horace Lams, M.A., F.R.S.

A A

OF

A

OF

TuE general formule for the currents induced in a sphere of uniform conductivity by
any electric or magnetic disturbances outside it have been given in the ¢ Phil. Trans.,’
1883, pp. 526 et seq. I here reproduce (with some further developments) so much of
the investigation as is required for the discussion in Part V. of the foregoing paper.
Suppose that, the origin being taken at the centre of the Earth, we have an external
disturbing force, whose magnetic potential near the Earth’s surface is
Qﬂei(pf-i-e)’
when Q, is a solid harmonic of positive degree n, and ¢ = / — 1.
The corresponding values of the components of electric momentum are
1 d d
{ — — — —
F=1"7 <y de zdy)Q’“
1 d d
G_n+ 1( » rvd’>ﬂ”’
! d d
H*n—l- 1<$@— ydx>ﬂn’
the time-factor being omitted here and elsewhere for shortness. For these values
make
dF 4G & dH
o and also give, for the components of magnetic force, the values
= dH  dG 1 |
- a d d \ 4O,
e T T — by 2 —— — — A __’_L
5 dy dz n+1{fvvﬂ” <wdm+ydg/ Adz+2) dvo}
S o,
«» ) dz ’
and, similarly,
_ __dd,
— _
Y dz
MDCCCLXXXIX,—A, 3 U
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If u, », w be the components of electric current, the equations of induced currents’

are ) . .
pu = — T, pv=— G, pw = — H,

where p denotes the specific resistance.  Eliminating u, v, w by means of the relations
VE = — 47u, VG = — 4w, v'H = — 47w,

we find that at all points within the sphere F, G, H must satisfy the equations

(v*— %) F =0, (ve—kz)Gzo, (v — ) H=o0,

dF
+ dy + g; 0,
where
e = &,

P

The appropriate solution of these is

d d 0
- X" (k/} ) < ziz - (ZJ) Wy,

d d
= Xn (707) < e &€ gZZ) Wy, }

a a
H=x (707")-<w‘7y— y@)(»

-/

where » = (x* 4+ ¥* 4+ #°), o, denotes a solid harmonic of degree n, and

fon & ¢
X"(g)_1+2.2n+3+242n+32n+5+'"
. ”smhé’
__35 211-!—1(;(%) ¢

The total magnetic potential outside the sphere will be
. Qn + ‘Q-—n—la

where Q_,_, is the part due to the induced currents. The values of ¥, G, H at
external points will then be
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It remains to introduce the conditions to be satisfied at the surface of the sphere
(r=1R). The continuity of electromotive force, i.e., of ¥, &, H, requires

1 1
X» (R) . o, = 1 O [r=R]

The continuity of the magnetic force involves the continuity of the space-
derivatives of F, G, H, and, thevefore, of dF/dr, dG/dr, dH/dr. Hence

n—}—l

{ERY, (kR) ~+ %X (]cR)} o, =~ Qn -+ 1. |r=1R]
‘We thence find
FR.XW(kR).0,= "0, -
o + 1 [r=1R]
{ERX, (kR) + (2n + 1) x. (FR)} 0, = fﬁ , |
which are equiva]eﬁt to
7&‘P 1 j
2%+12n+3xﬂ+l(kR) wn——;}Q’—-n—-lﬁ ! . A
o ‘ L =g
Xn—1 (]CR) . W, = ;—i—ﬁi Q,. JI
Hence
Qs _ _n FR oy GR)

Q, nt 1 20+ 1.20 43 yuy (LR)

This gives the ratio of surface potentials, and, therefore, of horizontal forces, due
to internal and external influences respectively. Since this ratio is * complex,” there
will be a difference of phase, as well as of amplitude. The corresponding ratio of
vertical forces is '

~ A0,

I T _ n+1 Q_ . KFR? L Xnt1 (]‘R)
l 4o, -7 a Q T 2+ 12043 yu_, BR)
— dr —lr=R

To interpret these results it is necessary to calculate the function

& Xn+1(§)
2 +1.20+3 y._ 1(é,‘)

where

47:10R

{2 = PR = *4 == 10, say.

3U2
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For moderate values of 8 we may use the form

@8 CAvgr + By
o +1.2n +3 A,_,+ iB,_,
where
82 84
A,=1— > i = - ...
2420 +32n+5 ' 2.4682n+3.2n+ 520+ 7.204+9 i
,//.;/] B — 5 & —
<Y "= 9o+ 3 2.46.2n+32n+52m+7
—
< | | |
> E The following Table gives the values of A;, By, Ay, B;, A;, By, for various values of 8.
2 25 It may possibly be of service in other investigations.
]
= O
EQ TasrLe XXIX.
99
3z 5. Ay B, A, B, A, B,
£0
= , -
85 L 1 |+ 0996429 + 0099934 + 0998738 + 0055539 + 0999359 -+ 038456
m% 0o 2 |+ 0985726 + 0199471 + 0:994952 + 0110982
92 3 |+ 0967918 + 0298216 + 0988647 + 0116230
E< 4 |+ 0943050 + 0895773 + 0979832 + 0221187
Q_E 5 |+ 0911184 + 0491751 + 0968518 + 0275757
6 |+ 0872401 + 0585759 + 0'954720 + 0329843
7 |+ 0826800 + 0677412 + 0938455 + 0-383350
8 |+ 0774498 + 0766327 + 0919714 + 0436182
9 |+ 0715628 + 0852126 + 0-898610 + 0488246
10 | 4+ 0650341 +  0:934439 + 0875083 + 0539448 + 3:936309 + 3784
20 | — 0310366 + 1489206 + 0516311 + 0984135
30 | — 1628644 + 1351846 — 0029614 + 1-248628
40 | — 2912855 + 0337304 — 0'688914 + 1:265555
50 | — 3:716054 — 1:563371 — 1-366602 + 0993199
100 | + 12514840 — 10691120 — 1-:308236 — 3811231 — 1:9434 — 6646
W If we write ) .
P A, + B, = S,
T the above fraction becomes
§ > ————wj — §”~+~1 . ei(¢n+1“¢n~1+’1‘") .
OH n+1.204+3 8,4
= - ,
o5 5 If we prefix the minus sign this gives the ratio (') of the vertical forces. To get
L O the ratio (k) of the horizontal forces we must multiply by n/(n + 1).
=2 For large values of 8 we may make use of the second form of x,. Thus

i

: {cosh ¢ _ sinh é‘}’

X1 §2 §3

‘ 1 15\ 6 15

o = 3.5. =+ =1 cos 2’-"/* — ) si },
X3 = 3.5.7 {<§4,+ g ) 0 h \go + o sinh £
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whence
oy (8) _ (L+15¢2) cosh ¢ — (651 + 15¢73) sinh ¢
5.7 x () cosh & — &~1sinh &
Here

= (8) = (1 + 2) 8/4/2 = (1 4 1) B, say.

If B is moderately large we may put cosh {/sinh { = 1 approximately. The error
thus committed is of the order e, Since the value of e~ has six cyphers after the
decimal point, this approximation is amply sufficient for 8 > 7, or say for § > 100.
The above fraction is then

1= 6E 41560 1500 (13871 4+ 48T + (38 — 4P B~ + 16 87))
- 1—¢ - =387 +4.487 '

It is by these methods that Tables XX. and XXI. above were calculated. The
values of p, the specific conductivity, given in the fifth columns, were obtained from
the formula

p = 4mpR¥/8
by putting
27R = 4'10° cm., 2w/p = 86,400/m secs.,

where m denotes the number of complete periods in a day, and is therefore = 1 for
the diurnal and = 2 for the semidiurnal variations.

As the resistance diminishes, the difference of phase tends tc zero, and the ratio
of normal forces to the value — 1 ; 7.e., the total normal force at the surface tends to
zero, in accordance with the theory of electromagnetic screens.

The ratio of the total vertical to the total horizontal force in any assigned
direction is

@+ 0,
ar .

d
- R“"O'l;]—(ﬂn + Q—n——l)

where Rdy denotes a linear element drawn in the proper direction on the Earth’s
surface. By means of the preceding results this can be put in the form

n(n + 1)y (k) v [0
IR o GR) + (1 + 1) oo GR) "l

The coefficient may be calculated independently, by a proper adaptation of the
previous methods, or we may deduce its value from the results already obtained, in
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the manner explained by Professor SomusTER.  The function actually computed by
Professor ScHUSTER in Tables XXII. and XXIII. is the ratio

d
_;i’: (Qn + Q—n—l)
i,
dr

)

which
B (0 + 1) x, (kR) '
= IR (bR) + (0 + 1) 5, (bR

For large values of 8, i.e. for sufficiently small values of p, we may put
~cosh { = sinh {, whence, keeping only the most important term in y, ({), the fraction
written becomes

= (n + t1)/£=n«;—81

. 6_2‘7"/41

The difference of phase therefore tends to the limit 45°, as remarked by Professor
ScuusTER. For 8 = 100, this formula gives for the reduction of amplitude the value
-3 and 5 in the cases n = 2 and n = 4 respectively.
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